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Abstract

We study generalization properties of linear
learning algorithms and develop a data de-
pendent approach that is used to derive gen-
eralization bounds that depend on the mar-
gin distribution. Our method uses random
projection techniques to allow the use of ex-
isting VC dimension bounds in the effective,
lower, dimension of the data. Our bounds are
tighter than existing bounds and (sometimes)
give informative generalization bounds for
real world, high dimensional problems.

1. Introduction

The study of generalization abilities of learning algo-
rithms and their dependence on sample complexity is
one of the fundamental research efforts in learning the-
ory. Understanding the inherent difficulty of learn-
ing problems allows one to evaluate the possibility of
learning in certain situations, estimate the degree of
confidence in the predictions made, and is crucial in
understanding and analyzing learning algorithms.

Understanding generalization is even more important
when learning in very high dimensional spaces, as in
many natural language and computer vision applica-
tions. Specifically, can one count on the behavior of
a 106 dimensional classifier that is trained on a few
examples, or even a few thousands examples? Often,
existing bounds are loose and essentially meaningless
in these (and even in simpler) cases1.

This work develops a learning theory that promises
to be relevant for learning in very high dimensional
spaces. It is used to establish generalization bounds
which seem to be more informative in high dimensional
learning problems. The approach is motivated by re-
cent works [GR01, AV99] that argue that some high di-

1Several statistical methods can be used to ensure
the robustness of the empirical error estimate [KMNR97].
However, these typically require training on even less data,
and do not contribute to understanding the domain.

mensional learning problems are naturally constrained
in ways that make them, effectively, low dimensional.
In these cases, although learning is done in a high di-
mension, generalization ought to depend on the true,
lower dimensionality of the problem.

Technically, our approach builds on recent develop-
ments in the area of random projection of high di-
mensional data [JL84] which shows, informally, that
it is possible to project high dimensional data ran-
domly into a much smaller dimensional space, with a
relatively small distortion of the distances between the
projected points. This result is extended here to ap-
ply in the context of a sample of points along with
a linear classifying hypothesis, and is used to develop
generalization bounds for linear classifiers in very high
dimensional spaces. The basic intuition underlying our
results is as follows. If the effective dimensionality of
the data is much smaller than the observed dimension-
ality, then it should be possible to randomly project
the data into a lower dimensional space while, due to
a small distortion in distances, incurring only a small
amount of classification error, relative to what is pos-
sible in the original, high dimensional space. Since the
projected space has low dimension, better “standard”
generalization bounds hold there.

We introduce a new, data dependent, complexity mea-
sure for learning. The projection profile of data sam-
pled according to a distribution D, is the expected
amount of error introduced when a classifier h is
randomly projected, along with the data, into k-
dimensions. Although this measure seems somewhat
elusive, we show that it is captured by the following
quantity: ak(D, h) =

∫
x∈D u(x)dD, where

u(x) = min

(
3 exp

(
−

(ν(x))2k

8(2 + |(ν(x))|)2

)
, 1

)

and ν(x) is the distance between x and the classify-
ing hyperplane2 defined by h, a linear classifier for
D. The sequence P(D, h) = (a1(D, h), a2(D, h), . . .)

2Our analysis does not assume linearly separable data.
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Figure 1. (a) Histogram of the distance of the points from the classifier for the context sensitive spelling correction. (b)The
distortion error due to random projection as a function of the dimension of the projected space.

is the projection profile of D. The projection profile
turns out to be quite informative, both theoretically
and in practice. In particular, it decreases monoton-
ically (as a function of k), and provides a trade-off
between dimension and accuracy. Namely, if the data
is transformed from n to k dimensions then we expect
the amount of error introduced to be ak(D, h). This
new complexity measure allows us to state a general-
ization bound in terms of the lower-dimensional pro-
jected space - the effective dimension of the data. We
show that the overall performance depends on an esti-
mation of the projection profile when projecting to the
effective dimension, with the addition of the standard,
VC-dimension arguments, in the projected space.

Our approach suggests an improvement over current
approaches to generalization bounds, which are based
either on VC theory [Vap82] and learning theory ver-
sions of Occam’s Razor [BEHW89] or, more recently,
on the margin of a classifier with respect to a sam-
ple [ST98, STC99, STC00, HG01, SFBL97].

Although the development of margin-based bounds
has been a significant improvement, they still are not
meaningful. The main shortcoming is that the mar-
gin of the data might be defined by very few points
of the distribution and thus might be very small. Our
method can be viewed as allowing an explicit depen-
dency on the distribution of the geometric distances
of points from the classifier – referred to as the mar-
gin distribution of the data – rather than only the
extreme points. In our method, the contribution of
those nearby “problematic” points to the generaliza-
tion bound is weighted together with their portion in
the distribution. This is significant when most of the
data is far from the optimal classifier - only very few
points, those that determine the margin, are close to it.
Our experiments reveal that this is indeed the case in

many real applications. The advantage of our method
is exhibited in Fig. 1, showing the margin distribution
of data taken from a high dimensional natural lan-
guage classification problem [GR99]. Despite the zero
margin, our method provides an informative bound.

This paper we presents our method, analyzes it and
uses it to develop new generalization bounds. We em-
pirically evaluate this method on real data and show
its effectivity. Specifically, we show that tighter gen-
eralization bounds are achieved for high dimensional
problems in the natural language domain, and even in
cases where learning is done using kernels.

2. Preliminaries

We study a binary classification problem f : IRn →
{−1, 1}. S = {(x1, y1), . . . , (xm, ym)} denotes a sam-
ple set of m examples. The hypothesis h ∈ IRn is an
n-dimensional linear classifier assumed, w.l.o.g, to pass
through the origin. That is, for an example x ∈ IRn

the hypothesis predicts ŷ(x) = sign(hT x). Through-
out the paper, we use n to denote the original (high)
dimensionality of the data, k to denote the (smaller)
dimension into which projections are made and m to
denote the sample size of the data.

Definition 2.1 The loss function considered is the 0-
1 loss. Under this loss function, the empirical error Ê
of h over a sample set S and the expected error E are
given resp. by,

Ê(h, S) =
1

m

∑

i

I(ŷ(xi) 6= yi)

E(h, S) = Ex

[
ŷ(x) 6= f(x)

]
,

where I(·) is the indicator function which is 1 when
its argument is true and 0 otherwise. The expectation
Ex is taken over the distribution of data.



We denote by || · || the L2 norm of a vector. Clearly,
we can assume w.l.o.g that all data points come from
the surface of unit sphere (ie. ∀x, ||x|| = 1), and that
||h|| = 1 (as the classification just depends on the sign
of the inner product.) Under these assumptions, the
classification output ŷ(x) can be interpreted as the sign
of the angle between the vectors x and h.

Let ν(x) = hT x denote the signed distance of the sam-
ple point x from the classifier h. When x refers to the
jth sample from S, we denote it by νj = ν(xj) = hT xj .
With this notation (omitting the classifier h) the clas-
sification rule reduces simply to sign(ν(x)).

Our approach uses random projection, introduced
in [JL84] and studied intensively in [AV99, Ind01].

Definition 2.2 (Random Matrix) Let R be a k×n
matrix where each entry rij ∼ N(0, 1/k). R is called
a random projection matrix. For x ∈ IRn, we denote
by x′ = Rx ∈ IRk the projection of x from an n to a
k-dimensional space using projection matrix R.

In a similar fashion, for a classifier h ∈ IRn, h′ will
denote it’s projection to a k dimensional space via R
(omitting k when clear from the context). Likewise,
S′ denotes the set of points which are the projections
of the sample S, and ν′

j = (h′)T x′
j , the signed distance

of the projected point from the projected classifier.

Briefly, the method of random projection shows that
with high probability, when n dimensional data is pro-
jected down to a lower dimensional space of dimension
k, using a random k ×n matrix, relative distances be-
tween points are almost preserved. Formally:

Theorem 2.3 ([AV99], Thm. 1) Let u, v ∈ IRn

and let u′ and v′ be the projections of u and v to IRk via
a random matrix R chosen as described above. Then
for any constant c,

Pr

[
(1 − c) ≤

||u′ − v′||2

||u − v||2
≤ (1 + c)

]
≥ 1 − e−c2k/8, (1)

where the probability is over the selection of the ran-
dom matrix R.

Note that if ||u|| = ||v|| = 1, then ||u− v|| = 2− 2u · v.
The above theorem, thus, can also be viewed as stating
- with high probability, random projection preserves
the angle between vectors which lie on the unit sphere.

3. A Margin Distribution based Bound

As mentioned earlier, the decision of the classifier h
is based on the sign of ν(x) = hT x. Since both h
and x are normalized, |ν(x)| can be thought of as the

geometric distance between x and the hyperplane or-
thogonal to h that passes through the origin. Given a
distribution on data points x, this induces a distribu-
tion on their distance from the hyperplane induced by
h, which we refer to as the margin distribution.

Note that this is different from the margin of the sam-
ple set S with respect to a classifier h. Traditionally
in the learning community, margin of a sample set S
(referred to simply as “the margin”) is the distance of
the point which is closest to the hyperplane. Formally,

margin of S w.r.t. h is γ(S, h) =
m

min
i=1

|hT
xi|.

Consider a scenario in which one learns a classifier in
a very high dimensional space (typical in image pro-
cessing, language processing and data mining applica-
tion). According to existing theory, in order to learn
a classifier which, with high confidence, performs well
on previously unseen data, one needs to train it on a
large amount of data. In what follows, we develop al-
ternative bounds that show that if “many” of the high
dimensional points are classified with high confidence,
that is, |hT x| is large for these, then one doesn’t need
as many points as predicted by VC-theory or margin
based theory. The main result of the paper formalizes
this insight and is given in the following theorem.

Theorem 3.1 Let S = {(x1, y1), . . . , (x2m, y2m)} be a
set of n-dimensional labeled examples and h a linear
classifier. Then, for all constants 0 < δ < 1; 0 < k,
with probability at least 1− 4δ, the expected error of h
is bounded by

E ≤ Ê(S, h) + min
k



µk + 2

√
(k + 1) ln me

k+1
+ ln 1

δ

2m



 (2)

where µk = 6
mδ

∑2m
j=1 exp

(
−

ν2

j k

8(2+|νj |)2

)
, νj = hT xj .

3.1 Proving the Margin Distribution Bound

The bound given in Eqn. 2 has two main components.
The first component, µk, is the distortion incurred by
the random projection to dimension k, and the second
follows directly from VC theory for this dimension.

Recall that the random projection theorem states that
relative distances are (almost) preserved when project-
ing to lower dimensional space. Therefore, we first ar-
gue that the image, under projection, of data points
that are far from h in the original space, will still be far
from its image in the projected (k dimensional) space.
The first term quantifies the penalty incurred due to
data points whose images will not be consistent with
the image of h. That is, this term bounds the empir-
ical error in the projected space. Once the data lies
in the lower dimensional space, we can bound the ex-
pected error of the classifier on the data as a function



of the dimension of the space, number of samples and
the empirical error there (that is, the first component).

Decreasing the dimension of the projected space im-
plies increasing the contribution of the first term, while
the VC-dimension based term decreases. To get the
optimal bound, one has to balance these two quantities
and choose the dimension k of the projected space so
that the generalization error is minimized. We will use
the following lemmas to compute the penalty incurred
while projecting the data down to k dimensional space.

Lemma 3.2 Let h be an n-dimensional classifier, x ∈
IRn a sample point, such that ||h|| = ||x|| = 1, and
ν = hT x. Let R ∈ IRk×n be a random projection ma-
trix (Def. 2.2), with h′ = Rh, x′ = Rx. Then the prob-
ability of misclassifying x, relative to its classification
in the original space, due to the random projection, is

P
[
sign(hT

x) 6= sign(h′T
x
′)

]
≤ 3 exp

(
−

ν2k

8(2 + |ν|)2

)
.

Proof: From Thm. 2.3 we know that with probability
at least Z(c) = 1 − 3 exp

(
−c2k/8

)
, we have

(1 − c)||h||2 ≤ ||h′||2 ≤ (1 + c)||h||2,

(1 − c)||x||2 ≤ ||x′||2 ≤ (1 + c)||x||2,

(1 − c)||h − x||2 ≤ ||h′ − x′||2 ≤ (1 + c)||h − x||2.

Since ||h|| = ||x|| = 1, and setting ν = hT x, ν′ =

h′T x′, we have ||h−x||2 = ||h||2+||x||2−2hT x = 2−2ν
and ||h′ − x′||2 = ||h′||2 + ||x′||2 − 2ν′. In particular
||h′||2 + ||x′||2 − 2ν′ ≤ (1 + c)(2 − 2ν). Namely, ν ′ ≥
(||h′||2+ ||x′||2)/2−(1+c)(1−ν) ≥ (1−c)−(1+c)(1−
ν) = c(ν − 2) + ν. Thus, when ν > 0 we have ν ′ > 0 if
c(ν−2)+ν > 0. This implies that we need ν/(2−ν) >
c. Similarly, ||h′||2 + ||x′||2 − 2ν′ ≥ (1 − c)(2 − 2ν).
Namely, ν′ ≤ (||h′||2 + ||x′||2)/2 − (1 − c)(1 − ν) ≤
1 + c− 1 + c + ν(1− c) = 2c + ν(1− c) = c(2− ν) + ν.
In particular, if ν < 0 then ν ′ < 0 if c(2 − ν) + ν < 0,
which implies c < −ν/(2 − ν).

Combining the above two inequalities, we conclude
that ν and ν′ have the same sign if c < |ν|/(2 + |ν|).
Namely, by picking c = |ν|/(2 + |ν|), we have

Pr
[
sign(hT x) 6= sign(h′T x′)

]

≤ 1 − Z

(
|ν|

2 + |ν|

)
= 3 exp

(
−ν2k/(8(2 + |ν|)2

)

Next we define the projection error for a sample (pro-
jection profile introduced in Sec. 1) for a finite sample.
A natural interpretation of the projection error is that
it is an estimate of the projection profile by sampling.

Definition 3.3 (projection error) Given a classifier
h, a sample S, and a random projection matrix R, let
Errproj(h, R, S) be the classification error caused by
the projection matrix R. Namely,

Errproj(h, R, S) =
1

|S|

∑

x∈S

I(sign(hT x) 6= sign(h′T x′))

Lemma 3.4 Let h be an n-dimensional classifier, R
a random projection matrix, and a sample of m points

S =
{

(x1, y1), . . . , (xm, ym)
∣∣∣xi ∈ IRn, yi ∈ {0, 1}

}
.

Then, with probability ≥ 1 − δ (over the choice of the
random projection matrix R), the projection error sat-
isfies Errproj(h, R, S) ≤ ε1(S, δ), where

ε1(S, δ) =
1

m

1

δ

m∑

i=1

3 exp
(
−ν2

i k/(8(2 + |νi|)
2
)
,

νi = hT xi, for i = 1, . . . , m.

Proof: Let Z be the expected projection error of a
sample where the expectation is taken with respect to
the choice of the projection matrix. That is,

Z = E
[
Errproj(h, R, S)

]

= E

[
1

|S|

∑

x∈S

I(sign(hT x) 6= sign(h′T x′))

]

=
1

m

∑

x∈S

E
[
I(sign(hT x) 6= sign(h′T x′))

]

=
1

m

∑

x∈S

Pr
[
sign(hT x) 6= sign(h′T x′)

]

≤
1

m

∑

x∈S

3 exp
(
−ν2

i k/(8(2 + |νi|)
2)

)
= δε1(S, δ),

which follows by linearity of expectation and
Lemma 3.2. Now, using the Markov inequality,

Pr

[
Errproj(h, R, S) ≥

Z

δ

]
≤ δ,

which establishes the lemma, as Z/δ ≤ ε1(S, δ). Note
that ε1 depends on the sample and the fixed hypothesis
learned for it.

Lemma 3.5 Let S1, S2 be two samples of size m from
IRn, R a random projection matrix, and S ′

1, S
′
2 the pro-

jected sets. Then, with probability ≥ 1 − 2δ,

Pr
[∣∣∣Ê(h, S1) − Ê(h, S2)

∣∣∣ > ε
]

< Pr
[∣∣∣Ê(h′, S′

1) − Ê(h′, S′
2)

∣∣∣ > ρ
]
,

where ρ = ε − ε1(S1, δ) − ε1(S2, δ).



Proof: Applying the result of the Lemma 3.4 on sample
sets S1, S2, we obtain that with probability at least

1−2δ, we have that
∣∣∣Ê(h, S1) − Ê(h′, S′

1)
∣∣∣ < ε1(S1, δ),

and
∣∣∣Ê(h, S2) − Ê(h′, S′

2)
∣∣∣ < ε1(S2, δ). Using simple

algebra, we have,∣∣∣Ê(h, S1) − Ê(h, S2)
∣∣∣ ≤

∣∣∣Ê(h, S1) − Ê(h′, S′
1)

∣∣∣

+
∣∣∣Ê(h′, S′

1) − Ê(h′, S′
2)

∣∣∣ +
∣∣∣Ê(h′, S′

2) − Ê(h, S2)
∣∣∣

≤ ε1(S1, δ) + ε1(S2, δ) +
∣∣∣Ê(h′, S′

1) − Ê(h′, S′
2)

∣∣∣ .

In particular, with probability ≥ 1 − 2δ,

Pr
[∣∣∣Ê(h, S1) − Ê(h, S2)

∣∣∣ > ε
]

≤ Pr
[
ε1(S1, δ) + ε1(S2, δ) +

∣∣∣Ê(h′, S′
1) − Ê(h′, S′

2)
∣∣∣ > ε

]

= Pr
[∣∣∣Ê(h′, S′

1) − Ê(h′, S′
2)

∣∣∣ > ε − ε1(S1, δ) − ε1(S2, δ)
]

We have obtained a bound on the additional classifica-
tion error that is incurred when projecting the sample
down from some n dimensional space to a k dimen-
sional space. As a result, we have established the fact
that the difference between the classification perfor-
mance on two samples, in high dimension, is very sim-
ilar to the difference in low dimension. This is now
used to prove the main result of the paper.

Proof of Theorem 3.1: Let S1 denote a sample of
size m from IRn. Let H denotes the space of all linear
classifiers in n dimensional space and let h ∈ H. Also,
let E(h) denote the expected error of a classifier h,
on the data sampled according to distribution D and
Ê(h, S1), the empirical (observed) error of the same
classifier, h, on the sample set S1 when the data was
sampled according to the same distribution D.

To obtain the generalization error of a classifier which
is learned in a high dimensional space, we want to
bound on the following quantity as a function of ε:

Pr

[
sup
h∈H

∣∣∣E(h) − Ê(h, S1)
∣∣∣ > ε

]
. (3)

We are interested in the probability that uniformly all
classifiers from the hypothesis space H will do well
on future data. To compute the bound, we use the
technique of double samples which has been used in
proving bounds of this kind. Assume we observe a
sample of size 2m, where S1, S2 denote the first and
second half of sample resp. From [Vap98, 131–133]:

Pr

[
sup
h∈H

∣∣∣E(h) − Ê(h, S1)
∣∣∣ > ε

]

≤ 2 Pr

[
sup
h∈H

∣∣∣Ê(h, S1) − Ê(h, S2)
∣∣∣ >

ε

2

]

Now suppose we project the data along with the hy-
perplane down to k dimensional space, using a random
projection matrix. Then according to Lemma 3.5, with
high probability most of the data stays on the cor-
rect side of the hyperplane. Formally, with probability
≥ 1 − 2δ,

Pr

[
sup
h∈H

∣∣∣Ê(h, S1) − Ê(h, S2)
∣∣∣ >

ε

2

]
(4)

≤ Pr

[
sup
h∈H

∣∣∣Ê(h′, S′
1) − Ê(h′, S′

2)
∣∣∣ > ρ

]
,

where ρ = ε
2 − ε1(S1, δ) − ε1(S2, δ).

Since the sample sets S1, S2 contains independent sam-
ples so do S′

1, S
′
2, and using results from [Vap98, p.

134] we write

Pr

[
sup
h∈H

∣∣∣Ê(h′, S′
1) − Ê(h′, S′

2)
∣∣∣ > ρ

]

= Pr

[
sup

h′∈H′

∣∣∣Ê(h′, S′
1) − Ê(h′, S′

2)
∣∣∣ > ρ

]

≤
∑

h′∈H′

Pr
[∣∣∣Ê(h′, S′

1) − Ê(h′, S′
2)

∣∣∣ > ρ
]

≤ Nk(2m) exp(−2ρ2m)

≤

(
2em

k + 1

)k+1

exp(−2ρ2m),

where Nk(2m) is the maximum number of different
partitions of 2m samples of k dimensional data that
can be realized by a k dimensional linear classifier.
The last inequality uses Sauer’s lemma to bound this
quantity as a function of the VC dimension of a clas-
sifier which in this case happens to be (k + 1). To
bound this probability by δ, the confidence param-
eter, we isolate ρ from the inequality, which gives(

2em
k+1

)k+1

exp(−2ρ2m) ≤ δ. Simplification reveals

that this inequality holds for

ρ =

√
(k + 1) ln(2em/(k + 1)) + ln (1/δ)

2m
.

Solving for ε, we have ε = 2ρ + 2ε1(S1, δ) + 2ε1(S2, δ).
Putting it together, we get

Pr

[
sup
h∈H

∣∣∣E(h) − Ê(h, S1)
∣∣∣ > ε

]
≤ 2δ.

Combining this, together with the bound on the confi-
dence that Equation (4) holds, we get that with prob-
ability ≥ (1 − 2δ)(1 − 2δ) ≥ 1 − 4δ, we have

E(h, S1) ≤ Ê(h, S1) + ε

≤ Ê(h, S1) + 2ε1(S1, δ) + 2ε1(S2, δ)+



2

√
(k + 1) ln(2em/(k + 1)) + ln (1/δ)

2m
.

Plugging in the value of ρ along with the value of
ε1(·, ·), gives the final bound.

In fact, it is possible to improve the bound for some
ranges of k, using the fact that we only care about the
distortion in the distance of points from the classifier,
rather than the distortion in the size of the projected
vectors themselves, as in Lemma 3.2. The following
lemma, provides an alterntaive to thorem 2.3 and can
be directly used to obtain the projection profile and
thus generalization bound.

Lemma 3.6 Let x′ = Rx and h′ = Rh. Let ν = hT x
and ν′ = h′T x′, where R is n × k random projection
matrix. Then, we have

E[ν′] = ν, var[ν′] =
1 + ν2

k
.

Using Chebyshev bound (details omitted) we get:

Lemma 3.7 Let R be a random projection matrix as
in Def. 2.2, x′ = Rx, h′ = Rh, ν = hT x, ν′ = h′T x′.

Then Pr
[
sign(ν) 6= sign(ν′)

]
≤

2

kν2
.

Note that the difference between this and the result in
Lemma 3.2 is that there we used the Chernoff bound,
which is tighter for large values of k. For smaller values
of k the above result will provide a better bound. This
result can be further improved if the random projec-
tion matrix used has entries in {−1, +1}, using a vari-
ation of Lemma 3.6 along with a recent result [Ach01].

4. Analysis

Based on Lemma 3.2 and Lemma 3.7, the expected
probability of error for a k-dimensional image of x,
given that the point x is at distance ν(x) from the n-
dimensional hyperplane (where the expectation is with
respect to selecting a random projection) is given by

min

(
3 exp

(
−

(ν(x))2k

8(2 + |(ν(x))|)2

)
,

2

kν(x)2
, 1

)
. (5)

This expression measures the contribution of the point
to the generalization error, as a function of its distance
from the hyperplane (and for a fixed k). Figure 2
shows this term (Eqn. 5) for different values of k. This
bell shaped curve, depicting the results, exhibits that
all points have some contribution to the error, and the
relative contribution of a point decays exponentially
fast as a function of its distance from the hyperplane.
Given the probability distribution over the instance
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Figure 2. The contribution of data points to the general-
ization error as a function of their distance from the hy-
perplane.

space and a fixed classifier, one can compute the distri-
bution over the margin which is then used to compute
the projection profile of the data as

∫

x∈D

min

(
3 exp

(
−

(ν(x))2k

8(2 + |(ν(x))|)2

)
,

2

kν(x)2
, 1

)
dD,

(6)

Consider, for example, the case when the distribution
over the distance of the points from the hyperplane,
Dl is normal with mean µl and variance σl. (Since the
distance is bounded in [0, 1], for the analysis we need
to make sure that means and variances are such that
no points lies outside this region.) In this case, the pro-
jection profile can be compute analytically. Figure 3
shows the bound for this case (mean = 0.3, variance =
0.1) as a function of k (the projected dimension of the
data) and compares the VC-dimension term with the
random projection term. It is evident that when the
dimension of the data is low, it is better to consider the
VC-dimension based bounds but as the dimension of
the data increases, the VC-dimension term dominates.
Our bound can be thought of as doing a tradeoff be-
tween the two terms.

4.1 Comparison with Existing Bounds

The most basic generalization bound is the one derived
from VC-theory [BEHW89]. The true error of an n-
dimensional linear classifier whose empirical error on
a sample of size m is ε̂ is bounded, with probability at
least 1 − δ by,

ε ≤ ε̂ +

√
(n + 1)(ln( 2m

n+1 ) + 1) − ln δ/4

m
, (7)

where we use the fact that the VC-dimension of a lin-
ear classifier is n+1. The bounds depends only on the
number of samples and the dimensionality of the data.

[ST98, STC99] have explored a new direction in which
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Figure 3. The bound obtained when the margin has a nor-
mal distribution. It shows the tradeoff between the VC-
dimension and the random projection terms in the bound

the margin of the data is used to derive bounds on the
generalization error. Their bound depends on the fat-
shattering function, afat, a generalization of the VC
dimension, introduced in [KS94]. For a sample of size
m the bound is given by:

ε ≤
2

m

(
f log2(32m) log2

8em

f
+ log2

8m

δ

)
, (8)

where f = afat(δ/8) and δ – the minimum margin of
data points in the sample. For linear functions this
is bounded by (BR/δ)

2
, where B is the norm of the

classifier and R is the maximal norm of the data.

It is useful to observe the key difference between these
two bounds; while the former depends only on the
space in which the data lies and is totally independent
of the actual data, the latter is independent of this
space and depends on the performance (margin) of the
classifier on the given data. The new bound proposed
here can be thought of as providing a link between the
two existing bounds described above. The first com-
ponent is a function of the data and independent of
the true dimension whereas the second component is
a function of the projected dimension of the data.

The bound proposed by Schapire et. al. [SFBL97] has
a similar form to ours. There, the tradeoff is provided
by approximating the actual margin distribution us-
ing a step function. Our experiments (omitted due
to lack of space) show that in many cases, our bound
is tighter. In most cases, the bounds in Eqn. 7, 8 are
weak in the sense that the amount of data required be-
fore the bound is meaningful (< 0.5) is huge. For the
VC-dimension based bounds, for example, the amount
of data required for a meaningful bound is at least
17 times the dimension of the data. This is not fea-
sible in many natural language processing and com-
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Figure 4. The number of sample points required before the
fat-shattering bound in Eqn. 8 is meaningful, as a function
of margin. Here the logarithm is in base 10.

puter vision tasks where data dimensionality may be
very high [Rot98]. Figure 4 provides some quantita-
tive assessment of these claims. It gives the number
of samples required before the fat-shattering bound is
meaningful (< 0.5). This shows that even for the case
when the margin is 0.9, almost a hundred thousand
points are needed to achieve that.

We also compared the performance of the new bound
to the existing bounds on some real problems. In the
first experiment we considered 17000 dimensional data
taken from the problem of context sensitive spelling
correction [GR99]. A winnow based algorithm, which
was shown very successful on this problem, was used
to learn a linear classifier. Figure 5 shows the his-
togram of the distance of the data with respect to the
learned classifier. It is evident that a large number of
data points are very close to the classifier and there-
fore the fat-shattering bounds are not useful. At the
same time, to gain confidence from the VC-dimension
based bounds, we need over 120, 000 data points. Fig-
ure 5 shows the random projection term for this case;
this term is below 0.5 already after 1500 samples im-
plying that our bound is meaningful, albeit still loose
relative to true performance, after 1500 samples. Nev-
ertheless, the overall bound justifies using many fewer
examples than suggested by the VC-dimension bound.
The second experiment considered the problem of face
detection. An RBF kernel was used to learn the classi-
fier. Figure 6(a) shows the histogram of the margin of
the learned classifier and (b) gives the random projec-
tion term as a function of the dimension of the data.

5. Conclusions

We have presented a new analysis method for linear
learning algorithms that uses random projections and
margin distribution analysis. The main contribution
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Figure 5. (a) Histogram of the distance of the points from
the classifier for the context sensitive spelling correction.
(b)The distortion error due to random projection as a func-
tion of the dimension of the projected space.
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Figure 6. (a) Histogram of the distance of the points from
the classifier for the face detection experiment. (b)The
distortion error due to random projection as a function of
the dimension of the projected space.

of the work is using this method to develop a new
data dependent complexity measure for learning and
a bound on the true error of a learning algorithm, as
a function of the margin distribution of the data rel-
ative to the learned classifier. Although the bound
presented in this paper is tighter than existing bounds
and is sometimes informative for real problems, it is
still loose and more research is needed to match ob-
served performance on real data. While the random
projection method was used in this paper as an analy-
sis tool, one of the main direction of future research is
to investigate algorithmic implications of the ideas pre-
sented here. In addition we plan to study the bounds
on real data sets and develop a better understanding
of the projection profile introduced here.
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