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Abstract

We study generalization properties of linear
learning algorithms and dewelop a data de-
pendent approach that is usedto derive gen-
eralization bounds that depend on the mar-
gin distribution. Our method usesrandom
projection techniquesto allow the use of ex-
isting VC dimension boundsin the e ectiv e,
lower, dimensionof the data. Our boundsare
tighter than existing boundsand (sometimes)
give informative generalization bounds for
real world, high dimensional problems.

1. Intro duction

The study of generalization abilities of learning algo-
rithms and their dependenceon sample complexity is
oneof the fundamenal researt e orts in learning the-
ory. Understanding the inherent dicult y of learn-
ing problems allows one to evaluate the possibility of
learning in certain situations, estimate the degreeof
con dence in the predictions made, and is crucial in
understanding and analyzing learning algorithms.

Understanding generalization is even more important

when learning in very high dimensional spaces,as in

many natural languageand computer vision applica-

tions. Speci cally, can one count on the behavior of

a 10° dimensional classi er that is trained on a few
examples,or even a few thousands examples? Often,

existing bounds are looseand essetially meaningless
in these(and even in simpler) casefl.

This work dewvelops a learning theory that promises
to be relevant for learning in very high dimensional
spaces. It is usedto establish generalization bounds
which seemto be moreinformativ ein high dimensional
learning problems. The approad is motivated by re-
cent works [GRO1, IAV99] that arguethat somehigh di-

!Sevweral statistical methods can be used to ensure
the robustness of the empirical error estimate [KMNR97].
However, thesetypically require training on even lessdata,
and do not contribute to understanding the domain.
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mensionallearning problemsare naturally constrained
in ways that make them, e ectiv ely, low dimensional.
In these cases,although learning is donein a high di-
mension, generalization ought to depend on the true,
lower dimensionality of the problem.

Tednically, our approach builds on recert dewelop-
ments in the area of random projection of high di-
mensional data [JL84] which shows, informally, that
it is possible to project high dimensional data ran-
domly into a much smaller dimensional space,with a
relatively small distortion of the distancesbetweenthe
projected points. This result is extended here to ap-
ply in the context of a sample of points along with

a linear classifying hypothesis, and is usedto develop
generalizationboundsfor linear classi ers in very high
dimensionalspaces.The basicintuition underlying our
results is as follows. If the e ectiv e dimensionality of
the data is much smaller than the obsened dimension-
ality, then it should be possibleto randomly project
the data into a lower dimensional spacewhile, due to
a small distortion in distances,incurring only a small
amount of classi cation error, relative to what is pos-
sible in the original, high dimensionalspace. Sincethe
projected spacehas low dimension, better \standard"

generalization bounds hold there.

We intro ducea new, data dependen, complexity mea-
sure for learning. The projection pro le of data sam-
pled according to a distribution D, is the expected
amount of error introduced when a classier h is
randomly projected, along with the data, into k-
dimensions. Although this measureseemssomewhat
elusive, we show thatgit is captured by the following
quantity: a(D;h) = _,5 u(x)dD, where

( (x)?k :
82+ j( (x)N?
and (x) is the distance between x and the classify-

ing hyperplan@ de ned by h, a linear classier for
D. The sequenceP(D;h) = (ai(D;h);ax(D;h);:::)

u(x) = min  3exp

20ur analysis doesnot assumelinearly separabledata.
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Figure 1. (a) Histogram of the distance of the points from the classi er for the context sensitive spelling correction. (b)The
distortion error due to random projection as a function of the dimension of the projected space.

is the projection prole of D. The projection pro le
turns out to be quite informativ e, both theoretically
and in practice. In particular, it decreasesnonoton-
ically (as a function of k), and provides a trade-o
betweendimension and accuracy Namely, if the data
is transformed from n to k dimensionsthen we expect
the amount of error introduced to be ax(D;h). This
new complexity measureallows us to state a general-
ization bound in terms of the lower-dimensional pro-
jected space- the e ectiv e dimension of the data. We
show that the overall performancedependson an esti-
mation of the projection pro le when projecting to the
e ectiv e dimension, with the addition of the standard,
VC-dimension argumerts, in the projected space.

Our approach suggestsan improvemert over current
approachesto generalization bounds, which are based
either on VC theory [Vap8Z and learning theory ver-
sions of Occam's Razor [BEHW89] or, more recertly,
on the margin of a classi er with respect to a sam-
ple [ST98, [STCY9, [STCO0, HGOT, [SEBLY97].

Although the dewvelopmert of margin-based bounds
has beena signi cant improvemen, they still are not
meaningful. The main shortcoming is that the mar-
gin of the data might be de ned by very few points
of the distribution and thus might be very small. Our
method can be viewed as allowing an explicit depen-
dency on the distribution of the geometric distances
of points from the classi er { referred to asthe mar-
gin distribution of the data { rather than only the
extreme points. In our method, the contribution of
those nearby \problematic" points to the generaliza-
tion bound is weighted together with their portion in
the distribution. This is signi cant when most of the
data is far from the optimal classier - only very few
points, thosethat determinethe margin, are closeto it.
Our experimerts reveal that this is indeedthe casein

many real applications. The advantage of our method
is exhibited in Fig. [, shawing the margin distribution
of data taken from a high dimensional natural lan-
guageclassi cation problem [GR99]. Despite the zero
margin, our method provides an informativ e bound.

This paper we preserts our method, analyzesit and
usesit to develop new generalization bounds. We em-
pirically evaluate this method on real data and show
its e ectivit y. Speci cally, we shaw that tighter gen-
eralization bounds are achieved for high dimensional
problemsin the natural languagedomain, and evenin
caseswhere learning is done using kernels.

2. Preliminaries
We study a binary classi cation problem f : IR" !

ple set of m examples. The hypothesish 2 IR" is an
n-dimensionallinear classi er assumedw.l.0.g, to pass
through the origin. That is, for an examplex 2 IR"
the hypothesis predicts ¥(x) = sign(h'x). Through-
out the paper, we usen to denote the original (high)
dimensionality of the data, k to denote the (smaller)
dimension into which projections are made and m to
denote the sample size of the data.

De nition 2.1 The lossfunction consideredis the O-
1 loss. Under this lossfunction, the empirical error i3]
of h over a sampleset S and the expected error E are
givenresp. by,

B(h; S)

I ((xi) 6 i)
h i
Ex 9(x) 6 f(x) ;

E(h:S)

where | () is the indicator function which is 1 when
its argumert is true and 0 otherwise. The expectation
E, is taken over the distribution of data.



We denote by jj jj the L, norm of a vector. Clearly,
we can assumew.l.0.g that all data points comefrom
the surfaceof unit sphere(ie. 8x;jjxjj = 1), and that
jihjj = 1 (asthe classi cation just dependson the sign
of the inner product.) Under these assumptions, the
classi cation output §(x) canbeinterpreted asthe sign
of the angle betweenthe vectorsx and h.

Let (x) = hTx denotethe signeddistance of the sam-
ple point x from the classi er h. When x refersto the
j! samplefrom S, wedenoteit by ; = (x;) = hTx;.
With this notation (omitting the classi er h) the clas-
si cation rule reducessimply to sign( (x)).

Our approach uses random projection, introduced
in [JL84] and studied intensively in [AV99, [nd01].

De nition 2.2 (Random Matrix ) Let R beak n
matrix where ead ertry rj; N (0; 1=k). R is called
a random projection matrix. For x 2 IR", we denote
by x= Rx 2 IR¥ the projection of x from an n to a
k-dimensional spaceusing projection matrix R.

In a similar fashion, for a classier h 2 IR", h will
denoteit's projection to a k dimensional spacevia R
(omitting k when clear from the cortext). Likewise,
SO denotesthe set of points which are the projections
of the sampleS, and = (h9Tx?, the signeddistance
of the projected point from the prOJected classier.

Briey , the method of random projection shows that
with high probability, when n dimensionaldata is pro-
jected down to a lower dimensional spaceof dimension
k, usingarandomk n matrix, relative distancesbe-
tweenpoints are almost presened. Formally:

Theorem 2.3 ([AV99], Thm. 1) Let u;v 2 IR"
and let u® and v° be the projections of u and v to IR via
a random matrix R chosenas descrited alove. Then
for any constant c,
v’ v9®

o Jiu vz a
where the prokability is over the seletion of the ran-
dom matrix R.

Pr(1 +09 1 e kE (1

Note that if jjujj = jjvjj = 1,thenjju vjj=2 2u v.
The abovetheorem, thus, canalsobe viewed asstating
- with high probability, random projection presenes
the anglebetweenvectorswhich lie on the unit sphere.

3. A Margin Distribution based Bound

As merntioned earlier, the decision of the classier h
is based on the sign of (x) = hTx. Since both h
and x are normalized, j (x)j can be thought of asthe

geometric distance between x and the hyperplane or-
thogonal to h that passeshrough the origin. Givena
distribution on data points x, this inducesa distribu-
tion on their distance from the hyperplane induced by
h, which we refer to asthe margin distribution.

Note that this is di erent from the margin of the sam-
ple set S with respect to a classi er h. Traditionally
in the learning community, margin of a sampleset S
(referred to simply as\the margin") is the distance of
the point which is closestto the hyperplane. Formally,

margin of S w.r.t. his (S;h) = nq}'lnthxij:
i=

Consider a scenarioin which one learns a classi er in
a very high dimensional space(typical in image pro-
cessing,languageprocessingand data mining applica-
tion). According to existing theory, in order to learn
a classi er which, with high con dence, performs well
on previously unseendata, one needsto train it on a
large amount of data. In what follows, we develop al-
ternativ e boundsthat show that if \many" of the high
dimensional points are classi ed with high con dence,
that is, jhT xj is large for these, then one doesn't need
as many points as predicted by VC-theory or margin
basedtheory. The main result of the paper formalizes
this insight and is given in the following theorem.

Theorem 3.1 LetS= f(Xx1;y1);:::;(Xom;Y2m)gbea
set of n-dimensional lakeled examplesand h a linear
classier. Then, for all constants0 < < 1;0 < k,
with probability at least 1 4 the expected error of h
is bounded by ot 2

(k+ 1)In T8+ 1In =

E I‘E’(S,h)+mkin: K+ 2 2m ; 2

2k

6 P2 i
8(2+j )7

where = >

m = hTx:
m- =1 €XP i =h'x.

3.1 Proving the Margin Distribution Bound

The bound givenin Egn. [ hastwo main componerts.
The rst component, , isthe distortion incurred by
the random projection to dimensionk, and the second
follows directly from VC theory for this dimension.

Recallthat the random projection theorem statesthat
relativ e distancesare (almost) presenedwhen project-
ing to lower dimensional space. Therefore, we rst ar-
gue that the image, under projection, of data points
that arefar from h in the original space,will still befar
from its imagein the projected (k dimensional) space.
The rst term quanti es the penalty incurred due to
data points whoseimageswill not be consistert with
the image of h. That is, this term bounds the empir-
ical error in the projected space. Once the data lies
in the lower dimensional space,we can bound the ex-
pected error of the classi er on the data asa function



of the dimension of the space,number of samplesand
the empirical error there (that is, the rst componert).

Decreasingthe dimension of the projected spaceim-
pliesincreasingthe contribution of the rst term, while
the VC-dimension basedterm decreases.To get the
optimal bound, onehasto balancethesetwo quartities
and choosethe dimension k of the projected spaceso
that the generalizationerror is minimized. We will use
the following lemmasto compute the penalty incurred

while projecting the data down to k dimensionalspace.

Lemma 3.2 Leth bean n-dimensional classi er, x 2
IR" a sample point, such that jjhjj = jjxjj = 1, and
= h™x. LetR 2 IR " be a random projection ma-
trix (Def. Z2), with h®= Rh;x°= Rx. Then the prob-
ability of misclassifying x, relative to its classi cation
in the original space, dueto the random projection, is
h i 2
. T . or k
P sign(h"x) 6 sign(h® x9 3exp 82+ 2
Proof: From Thm. Z23 we know that with probability
atleastZ(c)=1 3exp c*k=8, we have

1 ojihj? jih%® @+ ojhji?,
@ oixjj? ix%* @+ oiixii?,
@ ojjh xj* jih® x%% @+ 0jh xj?

Since jjhjj = jjxjj = 1, and setting = hTx, 0=
ho" x°, wehavejjih  xjj2 = jjhjj2+jjxji2 2hTx=2 2
and jjh® xYj2 = jjhYj% + jjx%%? 2 % In particular
iingiz +jix% 2° (@+c@ 2). Namely, °
(ih%%+ix%%)=2 (1+o9@ ) @ o @@+l
y=¢ 2)+ . Thus,when > Owehave °> 0if
c( 2)+ > 0. Thisimpliesthat weneed =2 ) >
c. Similarly, jhY%2 + jix%2 2° @ o 2).
Namely, © (jh%® + jix%*=2 @ o@ )
1+c 1+c+ (1 ¢=2c+ (1 ¢=c2 )+
In particular, if < Othen °< 0ifc2 )+ <0,
which implies ¢ < =2 ).

Combining the above two inequalities, we conclude
that and ©have the samesignif c< j j=2+ | j).
Namely,hby picking c=j j=(2 + j IJ) we have

Pr sign(h"x) 6 sign(h® x9)

1]

— 21, — YA
1 z 7+ ] = 3exp k=82 + | j)

Next we de ne the projection error for a sample (pro-
jection pro le introducedin Sec[l) for a nite sample.
A natural interpretation of the projection error is that
it is an estimate of the projection pro le by sampling.

De nition 3.3 (pro jection error ) Givenaclassier
h, a sample S, and a random projection matrix R, let
Erryroi (N;R;S) be the classi cation error causedby
the projection matrix R. Namely,
1 X T T
Errproj (N R;S) = 5 | (sign(h™ x) & sign(h® x9)
x2S

Lemma 3.4 Let h be an n-dimensional classier, R
a ran%om projection matrix, and a sampleof m poigts

S= (Xu;y1);:ih(Xmiym) xi 2 R"yi 210,19
Then, with probability 1 (over the choice of the

random projection matrix R), the projection error sat-
ises Errproi (M R;S)  "1(S; ), where

n . - 1 1>(n
€S =
i=1

3exp  Pk=(8(2+ ] i])? ;

Proof: Let Z be the expected projection error of a
samplewhere the expectation is taken with respect to
the choiceﬁ)f the projectioni matrix. That is,
" #
X 1

= E — I(sign(h"x) & sign(h® x%)
x2S .
h N [
E 1(sign(h"x) 6 sign(h® x9)

h i
Pr sign(h"x) 6 sign(h? x%

X
N
2}

Sl 3+ 3|+
S
wn

Bexp k=8 + ] i))?) = "i(S; )
x2S
which follows by linearity of expectation and

Lemmal32 Now, using the Markov inequality,

Pr Errprg (M R;S) E

which establishesthe lemma, asZ=  "{(S; ). Note
that ", dependson the sampleand the xed hypothesis
learned for it. [ |

Lemma 3.5 LetS;;S; be two samplesof sizem from
IR", R a random projection matrix, and S; SS the pro-
jected sets. Then, with prokability 1 2,

h i
Pr B(h;S;) BhSy) >

h i

<Pr Bh%s)H Bh%sY) > ;

whee =" "1(S1; ) "i(Sz ).



Proof: Applying the result of the LemmalZ4d on sample
sets S;1; S, we obtain that with probability at least
1 2 ,wehavethat B(h;S;) B(h%SY) < "1(Sy; ),
and B(h;S;) B(h%SY < "i(Sy; ). Using simple
algebra, we have,
B(h;S1) B(h;Sy)

B(h;S1) B(h%S)

+ B(h%s)) B(h%s)) + B(h®S) B(h;S,y)

"1(S1; )+ "1(Se; )+ B(hGS)  B(hGS))
IH particular, with probabi’ity
Pr B(h;S;) B(h;s) >
h

1 2,
i
B(h%sg) >
i
"1(S1; ) "1(S2y )

Pr"i(S1; )+ "1(S; )+ B(h%S?)

h
= Pr B(h%S)H B®hesY >

We have obtained a bound on the additional classi ca-
tion error that is incurred when projecting the sample
down from somen dimensional spaceto a k dimen-
sional space. As a result, we have establishedthe fact
that the di erence between the classi cation perfor-
manceon two samples,in high dimension, is very sim-
ilar to the dierence in low dimension. This is now
usedto prove the main result of the paper.

Pro of of Theorem [l Let S; denote a sample of
sizem from IR". Let H denotesthe spaceof all linear
classi ersin n dimensional spaceand let h 2 H. Also,
let E(h) denote the expected error of a classier h,
on the data sampledaccording to distribution D and
E’(h;Sl), the empirical (observed) error of the same
classi er, h, on the sample set S; when the data was
sampledaccording to the samedistribution D.

To obtain the generalization error of a classi er which
is learned in a high dimensional space, we want to
bound on the following quantity as a function of ":

Pr sup E(h) B(h;S) >" : (3)
h2H

We are interestedin the probability that uniformly all
classi ers from the hypothesis spaceH will do well
on future data. To compute the bound, we use the
technique of double sampleswhich has been used in
proving bounds of this kind. Assume we obsene a
sample of size 2m, where S;; S, denote the rst and
secondhalf of sampleresp. From [Vap9g 131{133]:

Pr sup E(h) B(h;S;) > "
h2H

2Pr sup B(h;S)) B(h;S,) > -
h2H 2

Now supposewe project the data along with the hy-

perplanedown to k dimensional space,using a random

projection matrix. Then accordingto LemmalZg, with

high probability most of the data stays on the cor-

rect side of the hyperplane. Formally, with probability
1 2,

Pr sup B(h;S;) B(h;Sy) > . 4)
h2H 2

Pr sup B(h%s)) B(Hh%s) >
h2H
where = 5

5 "1(S1 ) "1(Sz ).

Sincethe samplesetsS;; S, contains independert sam-
ples so do S%;S9, and using results from [Vap9§ p.
134] we write

Pr sup B(h%S?) B(h%s) >
h2H

= Pr sup B(h%sY) B(®SY >
hOZHtO_] i
Pr B(h%s) B(h%s)) >
hO2H ©
Nk@m)exp( 2 2m)
oem k' ,
1 exp( 2 “m);

where N¥(2m) is the maximum number of dierent
partitions of 2m samplesof k dimensional data that
can be realized by a k dimensional linear classi er.
The last inequality usesSauer'slemma to bound this
guantity as a function of the VC dimension of a clas-
sier which in this casehappensto be (k + 1). To
bound this probability by , the con dence param-
eter, we isolate  from the inequality, which gives

+1
2,
gem exp( 2 ?m)

that this inequality holds for

Simpli cation reveals

KT Din@em=kF D)+ In@=)
- 2m '

Solving for ", we have" = 2 + 2"1(S1; )+ 2"1(S2; ).
Putting it together, we get

Pr sup E(h) B(h;Sy) >" 2
h2H

Combining this, together with the bound on the con -
dencethat Equation (@) holds, we get that with prob-
abiity (1 2)1 2) 1 4,wehave

E(h;Sy) B(h;Sy) + "
B(h;S1) + 21(S1; )+ 2'1(S2; )+



2r (k + 1)In(em=(k + 1)) + In (1= )_
2m '

Plugging in the value of along with the value of
"1(; ), givesthe nal bound. [

In fact, it is possibleto improve the bound for some
rangesof k, using the fact that we only care about the
distortion in the distance of points from the classi er,
rather than the distortion in the size of the projected
vectors themseles, as in LemmaZZ@ The following
lemma, provides an alterntaive to thorem Z3 and can
be directly usedto obtain the projection prole and
thus generalization bound.

Lemma 3.6 Letx®= Rx andh®= Rh. Let = hTx
and °= h"x% whee R is n  k random projection
matrix. Then, we have

E[ 9= ; va[ 9=
Using Chebyshev bound (details omitted) we get:

1+ 2

Lemma 3.7 Let R be a random projection matrix as
in Def. 2 x®= Rx;h%= Rh; = hTx: 0= no'xO
. . 2

Then Pr sign( ) 6 sign( 9 7

Note that the di erence betweenthis and the result in
Lemmal33is that there we usedthe Cherno bound,
which is tighter for large valuesof k. For smallervalues
of k the above result will provide a better bound. This
result can be further improved if the random projec-
tion matrix usedhasertries in f 1;+1g, using a vari-
ation of Lemmal38along with a recert result [Ach01].

4. Analysis

Based on Lemma 32 and Lemma B4, the expected
probability of error for a k-dimensional image of x,
giventhat the point x is at distance (x) from the n-
dimensionalhyperplane (where the expectation is with
respect to selectinga random projection) is given by

( ())%k .2

82+ i GO ket ©

min  3exp

This expressionmeasureghe contribution of the point
to the generalizationerror, asa function of its distance
from the hyperplane (and for a xed k). Figure [
shaws this term (Eqn. B) for di erent valuesof k. This
bell shaped curve, depicting the results, exhibits that
all points have somecortribution to the error, and the
relative contribution of a point decays exponertially
fast as a function of its distance from the hyperplane.
Given the probability distribution over the instance
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Figure 2. The contribution of data points to the general-
ization error as a function of their distance from the hy-
perplane.

spaceand a xed classi er, onecan compute the distri-
bution over the margin which is then usedto compute
the projection pro le of the data as
z 2
min  3exp C )%k 2 .
x2D 82+ j( N> Tk (x)*

1 dD;
(6)

Consider, for example, the casewhen the distribution

over the distance of the points from the hyperplane,
D, is normal with mean | and variance . (Sincethe
distance is bounded in [0; 1], for the analysis we need
to make sure that meansand variancesare suc that
no points lies outside this region.) In this case the pro-
jection prole can be compute analytically. Figure 3
shaws the bound for this case(mean= 0.3, variance=

0.1) asa function of k (the projected dimension of the
data) and comparesthe VC-dimension term with the
random projection term. It is evident that when the
dimensionof the data is low, it is better to considerthe
VC-dimension based bounds but as the dimension of
the data increasesthe VC-dimensionterm dominates.
Our bound can be thought of as doing a tradeo be-
tweenthe two terms.

4.1 Comparison with Existing Bounds

The most basicgeneralizationbound is the onederived
from VC-theory [BEHW89]. The true error of an n-
dimensional linear classi er whose empirical error on
a sampleof sizem is bis bounded, with probability at
least 1 by, s

(n+ 1)(n(2L)+ 1) In =4

n+l

= )
where we usethe fact that the VC-dimension of a lin-
ear classi er isn+ 1. The boundsdependsonly on the
number of samplesand the dimensionality of the data.

[ST98, ISTC99] have exploreda new direction in which



T T T T T T
\ — — RP Component

| — - VC Component
0.9, — Bound

. . . . . . )
100 200 300 400 500 600 700 800 900 1000
Projected Dimension

Figure 3. The bound obtained when the margin has a nor-
mal distribution. It shows the tradeo between the VC-
dimension and the random projection terms in the bound

the margin of the data is usedto derive boundson the
generalization error. Their bound dependson the fat-
shattering function, afat, a generalization of the VC
dimension, introducedin [KS94]. For a sampleof size
m the bound is given by:

2t logy(32m) log, = + log, ™ (8)
wheref = afat( =8) and { the minimum margin of
data points in the sample. For linear functions this
is bounded by (BR= )2, where B is the norm of the
classi er and R is the maximal norm of the data.

It is usefulto obsene the key di erence betweenthese
two bounds; while the former depends only on the
spacein which the data lies and is totally independert
of the actual data, the latter is independert of this
spaceand dependson the performance(margin) of the
classi er on the given data. The new bound proposed
here can be thought of as providing a link betweenthe
two existing bounds described above. The rst com-
ponert is a function of the data and independert of
the true dimension whereasthe secondcomponert is
a function of the projected dimension of the data.

The bound proposedby Schapire et. al. [SEBL97] has
a similar form to ours. There, the tradeo is provided
by approximating the actual margin distribution us-
ing a step function. Our experiments (omitted due
to lack of space)show that in many cases,our bound
is tighter. In most cases,the boundsin Eqn. [4 8 are
weakin the sensethat the amount of data required be-
fore the bound is meaningful (< 0:5) is huge. For the
VC-dimension basedbounds, for example,the amount
of data required for a meaningful bound is at least
17 times the dimension of the data. This is not fea-
sible in many natural language processingand com-

75
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Figure 4. The number of sample points required beforethe

fat-shattering bound in Egn. Bis meaningful, asa function

of margin. Here the logarithm is in base 10.

puter vision tasks where data dimensionality may be
very high [Rof98]. Figure H provides some quantita-

tive assessmenof these claims. It givesthe number
of samplesrequired beforethe fat-shattering bound is
meaningful (< 0:5). This shawsthat even for the case
when the margin is 0:9, almost a hundred thousand
points are neededto achieve that.

We also comparedthe performance of the new bound
to the existing bounds on somereal problems. In the
rst experiment we considered17000dimensional data
taken from the problem of context sensitive spelling
correction [GR99]. A winnow basedalgorithm, which
was shown very successfulon this problem, was used
to learn a linear classi er. Figure B shows the his-
togram of the distance of the data with respect to the
learned classi er. It is evidert that a large number of
data points are very closeto the classi er and there-
fore the fat-shattering bounds are not useful. At the
sametime, to gain con dence from the VC-dimension
basedbounds, we needover 120,000 data points. Fig-
ure B shows the random projection term for this case;
this term is below 0:5 already after 1500 samplesim-
plying that our bound is meaningful, albeit still loose
relative to true performance,after 1500samples. Nev-
ertheless,the overall bound justi es using many fewer
examplesthan suggestedby the VC-dimensionbound.
The secondexperimert consideredthe problem of face
detection. An RBF kernelwasusedto learn the classi-
er. FigureB(a) shows the histogram of the margin of
the learnedclassi er and (b) givesthe random projec-
tion term as a function of the dimension of the data.

5. Conclusions

We have preserted a new analysis method for linear
learning algorithms that usesrandom projections and
margin distribution analysis. The main contribution



(a) (b)
Figure 5. (a) Histogram of the distance of the points from
the classi er for the context sensitive spelling correction.
(b)The distortion error due to random projection asa func-
tion of the dimension of the projected space.
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@) (b)
Figure 6. (a) Histogram of the distance of the points from
the classier for the face detection experiment. (b)The
distortion error due to random projection as a function of
the dimension of the projected space.

of the work is using this method to dewvelop a new
data dependert complexity measurefor learning and
a bound on the true error of a learning algorithm, as
a function of the margin distribution of the data rel-
ative to the learned classi er. Although the bound
preseried in this paper is tighter than existing bounds
and is sometimesinformativ e for real problems, it is
still loose and more researd is neededto match ob-
sernved performance on real data. While the random
projection method was usedin this paper asan analy-
sistool, one of the main direction of future researt is
to investigatealgorithmic implications of the ideaspre-
serted here. In addition we plan to study the bounds
on real data setsand dewelop a better understanding
of the projection pro le introduced here.
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