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Abstract

It is often corvenientto representprobabilis-
tic modelsin a rst-order fashion, using log-
ical atoms such as partners(X;Y) as ran-
dom variables parameterizedby logical vari-
ables. (de Salo Braz et al., 2005), follow-

ing (Poole,2003),give a lifted variableelimina-
tion algorithm (FOVE) for computingmaginal
probabilitiesfrom rst-order probabilisticmod-
els (belief assessmenpr BA). FOVE s lifted

becauseét works directly at the rst-order level,
eliminatingall theinstantiation®f asetof atoms
in a singlestep. Previous work could treatonly
restrictedpotentialfunctions. There,atoms'in-

stantiationscannotconstraineachother: predi-
catescan appearat most once, or logical vari-
ablesmust not interact acrossatoms. In this
paper we presenttwo contritutions. The rst

one is a signi cantly more generallifted vari-
ableeliminationalgorithm, FOVE-P, thatcovers
mary casesvhereatomssharelogical variables.
The secondcontrikution is to use FOVE-P for

solving the Most ProbableExplanation(MPE)
problem,which consistsof calculatingthe most
probableassignmenof the randomvariablesin

a model. We introducethe notion of lifted as-
signments a distribution of valuesto a set of

randomvariablesratherthanto eachindividual
one. Lifted assignmentsrecheapeto compute
while beingasusefulasregularassignmentever
thatgroup. Both contritutionsadwancethe theo-
reticalunderstandingf lifted probabilisticinfer-

ence.
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1. Intr oduction

Probabilisticmodels(Pearl, 1988) offer a naturalway to
model domainswith noiseor incompleteinformation. In
undirectedgraphicalmodels,one can provide factors,or
potentialfunctions i, over setsof randomvariablesde-
scribing thesefacts. Whenthe samedependeng applies
acrosanultiple objectsof the sametype, it is naturalto use
parameterizedactors, or parfactors, describecover para-
meterizedrandomvariables. Parameterizedandomvari-
ablesare representeds logical atomswhose parameters
arelogical variables suchasr etail (C), for whethereach
possiblecompary C is aretailer Parfactorsstandfor all
factorsobtainedrom instantiatingts logical variablesand
canbeannotatedy a constraintindicatingwhich instanti-
ationsare valid. Considera domainin which we model
partnershipsof companiesarounda certain productand
whetherthey areretailers. An exampleof two parfactors
is

1(partner s(P; C1; Cz));C1 6 Ca:
2(partner s(P; C1; Cz);retail (Cy1);retail (C2));C1 6 C3:

While morecompactandclearthanits propositionakoun-
terpart,parameterizednodelsstill needto be proposition-
alizedfor solvingwith a regular probabilisticinferenceal-
gorithm. Propositionalizednodelsaremuchlargeranddo
not containthe original higherlevel structurethat canpo-
tentially be usedfor fasterinference.Consequentlyinfer-
encetakestime thatgrows exponentiallywith domainsize.
This hasbeenthe approachin much of the work in the
area(Ngo & Haddavy, 1995;Ng & Subrahmanianl992;
Jager, 1997;Kersting& De Raedt2000;Koller & Pfeffer,
1998;Richardsor& Domingos,2004).

(de Salwo Braz et al., 2005), following (Poole,2003),de-
scribeFOVE (First-OrdeVariableElimination),alifted al-
gorithm for calculatingmamginal probabilities(belief as-
sessmentpr BA) from a rst-order probabilistic model.
The algorithmis lifted in the sensethat inferenceis car
ried on the rst-order level, taking computationaladwan-
tageof the model’s structureand carryingsimilar calcula-
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tionsacrosgroupsof randomvariables.

FOVE usedwo differenteliminationoperationghatarere-
strictedin differentways. Inversioneliminationoperatesn

time independenfrom domainsize, but caneliminatean
atomonly if it containsall logical variablesn its parfactor

andits groundingis disjoint from ary otheratomSsin that
parfactor Countingeliminationcandealwith atomswhose
groundingis the sameassomeotheratomin the parfactor

but logical variablesin oneatomcannotbe constrainedy
thoseof others.

The rst contritution of this paperis to present~OVE-P,
amoregeneraklgorithmthatcansolve mary casesvhere
atomssharelogical variables. Supposea modeldescribes
thein uence of a compaly doing businesswith two other
companiesand the occurrenceof a conict, by having a
parfactor (businesg(X;Y);business(X;Z);conflict),
for X 6 Y 6 Z 6 X, whereconflict is a O-arity
predicateindicatingthe occurrenceof ary con ict. FOVE
cannotmarginalizeon conf lict, sincethe business atoms
have the samegrounding (preventing inversion elimina-
tion) and sharelogical variable X (preventing counting
elimination). This can however be solved by FOVE-P
througha new operationcalledpartial inversion

Thesecondontritution of this papetis shaving how to use
FOVE-P to obtaina lifted solutionfor Most ProbableEx-
planation(MPE). MPE is animportantprobabilisticinfer-
enceproblemwhich consistsof calculatingan assignment
with maximumprobabilityto a model's randomvariables.
While the transitionfrom BA to MPE in the propositional
caseis straightforvard andobtainedby replacingsumop-
erationsby maximizing operationsjn the lifted caseone
mustdealwith two mainissues.First, thereis now a no-
tion of lifted assignmenthatis, anassignmendver groups
of indistinguishableandomvariableshatdoesnot specify
assignmentsnanindividualbasis but describesdistribu-
tion of valuesto thegroupasawhole. Secondassignments
mustnow berepresentedh a moreexplicit way thanin the
propositionakcase sincetheir descriptionaremanipulated
by thealgorithm.

Thenotionof lifted assignmentgivesriseto queriesonthe
numberof objectsin adomainwith certainpropertiesThis

is not somethingusually donein the propositionalcase,
andusefulin domainsin which onedealswith large pop-
ulations. In the exampleabove, an instanceof MPE with

lifted assignmentsvould be the calculationof the number
of retail companiesvith maximumprobability given the
domainmodel.

2. The FOVE Algorithm

This section recalls First-Order Probabilistic Inference
(FOPI) de nitions and the FOVE algorithm presentedn

(deSalho Brazetal., 2005).

The FOVE and FOVE-P algorithmsare developedunder
the framewvork of undirectedgraphical models such as
Markov networks (Pearl,1988). Thesemodelsare speci-
ed by asetof potentialfunctions(or factors) de ned over

setsof randomvariables.Following (Poole,2003),the no-

tion of factoris generalizedo that of parameterizedac-
tor (or parfactor). A joint probability on the randomvari-

ablesis de ned asbeingproportionatto the productof fac-
tors. A parfactordescribes potentialfunctionon a setof

randomvariables but the randomvariablesarenow repre-
sentedoy logical atoms,possiblyparameterizetdy logical

variables.Thelogical variablesaretypedandeachtypeis

adiscretedomain. Onecanthereforerepresent potential
function (f riend(X;Y);friend(Y;X));X 6 Y which

standdor all factorsinstantiatedrom it by substitutionof

X andY thatsatisfythe constraintX 6 Y. In generala
parfactoris atriple g = ( 4;Ag; Cqy) of apotentialfunc-

tion, asetof atoms andaconstrainbnits logical variables.
The constraintsare equationaformulas,thatis, formulas
wherethe only predicatds equality with the uniquename
assumptionThealgorithmmakesuseof aconstrainsolver

for suchformulas.

A FOPIprobabilisticmodelis de ned by asetof parfactors
G andtheassociatedbgical variabledomaingthe popula-
tion). Becauseeachinstantiatiorof a parfactorg is afactor
in itself, the joint distribution de ned by G on its ground
randomvariablesdenotedRV (G), is the productof all in-
stantiationof all parfactor$

P(RV(G)) / ao(Ag )

92G 2[Cy4]

where[Cy] is the setof substitutionssatisfyingCq. We de-
notethesecondoroductabove as ( g) andtheentireright-
handsideas ( G).

2.1.Lifted Belief Assessment

The Lifted Belief Assessmeninferenceproblemis that of
calculatingthe maginal probabilityon a setof groundran-
domvariablesQ:

P(Q)/

RV (G)nQ

FOVE assumeshat G is shatteed thatis, given ary two
atomsin it, their groundingsare either identical or dis-
joint. The processof shatteringa modelis describedin
(de Sahwo Brazet al., 2005). Note that distinctatomscan
have the samegroundingsasit is the casewith p(X ) and
p(Y) for X; Y with samedomain.Thealgorithmworksby
selectinga setof atomsE to be eliminatedat eachstep:

(9= (9

RV (G)nRV(E)nQ RV(E) 92G

(G

RV (G)nQ ¢2G
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(by de ning Gg theparfactorsin G dependingn RV (E)
andG. g = GnGg)

X Y X Y
= (9

RV (G)nRV(E)nQ 092G e

(h)

RV(E) h2Gg

(by fusion( gure 1), we obtaina singleparfactorge such
that ( Ge) = ( ge))

X Y X
= (9

RV (G)nRV (E)nQ ¢2G. g

( %)

RV (E)

(by usingtheeliminationoperationsiescribedater, we ob-
taing® suchthat ( g9 is equalto thelastsum)

X Y
= (9(d

Rvg(G)nRV(EY)nQ 092G e

= (9

RV(GYnQ g2G°

[
(whereG%= G. ¢ fg%);

which reduceur problemto aninstancewith strictly less
randomvariables.

However, not all choicesof E arevalid. The algorithm
mustpick E sothatit satis esthe conditionsfor eitherof
FOVE's two eliminationoperationsinversionelimination
andcountingelimination.We now recallthemboth.

2.1.1. INVERSION ELIMINATION

Inversioneliminationrequiresthat thereis oneatomin E

whosegroundingis disjointfrom all otheratomsin gz and
which containsall its logical variables(the reasorfor this
is provided belov). Soq(X;Y) canbe eliminatedfrom

(5 fp(X);a(X;Y)g,>):

X
(P(X);a(X;Y))

RV (q(X;Y)) XY

(i; j ) shorthandor (p(0i);q(0i;0;)))
X X X
- (L) (L2)::

q(01;01) g(01;02) q(0n ;0n)

(n;n)

(by observingthat (i; j) depend®nqg(o;; o) only)

X
= (11

q(01;01)

(n; n)

g(on ;0n)

(by observingthatonly (i; j ) depend®ng(o;; o))

X
= (1;2) ::: (n;n)
YQ(°1'>0(1) q(0n ;0n)
= (p(X);a(X;Y))
XY a(X;y)
Y T 4
= Ap(X)) = Ap(X )Y = Ap(X)):
XY X X

However one cannoteliminate q(X;Y) from parfactors
with atoms (p(X;Z);q(X;Y)) or (a(X;Y);q(Z;W)).

The invertedatom (the one underthe sum)needsto con-
tainall logical variabledbecausés expansiorwould notbe
one-to-oneawith the expansionof the productsotherwise.

Note thatinversioneliminationreducesa sumover all as-
signmentgo the setof randomvariablesRV (q(X;Y)) to
one over the assignmentso a single one, andits costis
independentrom jRV (g(X; Y))j.

2.1.2. COUNTING ELIMINATION

CountingeliminationrequireghatE beall atomswith ary
logical variablesin gg, and that the logical variablesin
ary two atomsof E do not constraineachotherunderC,.
Therefore,it caneliminatep(X) from (p(X); q(Y)) but
not from (p(X);g(Y)) with X 6 Y sincethe choiceof
X limits the choiceof Y. In FOVE, casemot coveredby
theseoperationdave to bedirectly calculated.

Beforewe presenthetheoremon which countingelimina-
tion is basedsomepreliminaryde nitions arenecessary

First, we de ne the notion of independenatomsgiven a
constraint. This happensvhenchoosinga substitutionfor
one atomfrom the constraints solutionsdoesnot change
thepossiblechoicesof substitutiongor theotheratom.Let
beary object,LV ( ) bethelogical variablesin , and
C;. bethe projectionof a constraintC to a setof logical
variablesL. Let X; and X, be two setsof logical vari-
ablesandC a constraintsuchthatX; [ X, LV (C).
X1 isindependentromX , givenC if, for ary substitution
2 2 [Cix,]: Cix, » (C 2)jx,- X1 andX, areindepen-
dentgivenC if X is independenfrom X, given C and
vice-versa. Two atomsp; (X 1) andp,(X2) areindepen-
dentgivenC if X; andX, areindependengivenC.

The secondnotionis that of just-different atoms,a notion
presenbnly implicitly in (de Salo Brazetal.,2005). This
meansthat choosinga substitutionfor the rst atomre-
strictsthe choicesfor the secondnein exactly onesubsti-
tution. Thisis de ned only for atomswith the samepredi-
cate. Two atomsp(X ;) andp(X ) arejust-diferentgiven
Cif Cix,ix,+ Cix, " Cjx, " X1 6 Xz. Thissaysthat
the setof joint satisfyingassignment$o X ; andX, must
be no more,andno less,thanthe setof satisfyingassign-
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mentsto their separateequirementplus the restrictionof
thembeingdistinct. Using C;x, andCx, statethatthe
joint constraintdoesnot remove ary solutionfrom X1 or
X, otherthanthe onesin whichthey coincide.

Finally, we de ne multinomial counters. Let a be an
atom (with an associateatonstraintsystem)with domain
D,. Thenthe multinomial counter of atom a, denoted
Na, is a vectorwhereN,; indicateshow mary ground-
ings of a areassignedhe| -th valuein D,. The multino-

(Na;1+ +Na;jDaJ)!

Ng 1! Najpgaj!
The setof multinomial cou@ters‘or asetof atomsA is de-
notedN , andtheproduct ™ _, , Na! of theirmultinomial

coefcients is denotedN4!. Multinomial countersare a
generalizatiorof binomials(asusedin, say the Bernoulli
distribution) andtheirfunctionhereis to indicatehow mary
distinctassignmentpresenthe samedistribution of values
throughtheirrandomvariables.

Theorem 1. Let g be a shatteredparfactorand E =

joint from RV (Ag nE), A°= Ay nE areall ground,and
whereeachpair of atomsof differentpredicatesareinde-
pendengivenCy andeachpair of atomsof samepredicate
arejust-differentgivenCgy. Then

X X Y
(9= (Ag )
RV (E) RV(E) 2 4
= Ng! (v; AQ#(ViNe)
Ne v2Dg
#(v;Ng) = Neg,v, excluded(i)

i=1

excluded(i) = jfj < i:E;; E; arejust-differentgivenCqyg;j:

Theideabehindthe proofis thatthereis a limited number
of valuesv in which E canbe instantiatednside . We
thereforecalculate (v) for eachof themand exponenti-
ateit by #( v; Ng), whichis the numberof timesthevalue
assignment occursaccordingto Ng . This numberis cal-
culatedby choosingfor eachv;, from the Ng,,,, random
variablesin RV (E;) assigned/;, minusthe onesalready
taken from previous just-differentatoms. Oncepotentials
are expressedn termsof counterswe cangroup assign-
mentsonRV (E) by theircounterd¥g , takinginto account
thatthereareNg ! of them.

In particular this meanswe cannotapply countingelimi-
nationto parfactorswhereatomssharelogical variables a
strongrestriction.

3. Partial Inversion

In (deSalw Brazetal., 2005),countingeliminationwasre-
strictedto casesvheneliminatedatomswereindependent
from eachother or at leastjust-different. This preventsits
applicationto someimportantcases.Supposea parfactor
establishedghe potentialfor con ict (c) whena compary
doesbusinesgb) with morethanoneothercompaiy:

X
(b(X;Y);b(X;2Z);0)

b(X;Y) 6(X;Y;Z)

In the above, 6 (X;Y;Z) standsfor pairwisedifference
betweenX; Y;Z andtheRV (b(X;Y)) underthe summa-
tion is written as b(X;Y) for simplicity. Note that we
couldhave usedRV (b(X; Z)) underthe sumjust aswell.

ThenthesharedogicalvariableX betweeratomsprevents
countingeliminationfrom beingused. Inversionelimina-
tionis notpossiblesither becaus@o atomcontainsall log-

ical variablesin the parfactor

Partial inversionis atechniqudan which a sum-productn-
versionon someof the logical variablesis performedon
the parfactor bindingthem. This bindingis in mary cases
enoughto reducethe problemto a solvableone. In our ex-

by rewriting theabove as
X X
b(on ;')

b(OI;V
(b(o;Y);h(01;Z);0) 0

Y;Z6(01;Y;2)
(b(on;Y);(0n;Z); )

Y
= (b(og;Y);b(01;Z); )

b(o1;Y) Y;Z6(01;Y;2)
X Y

YiZ6(0n:Y;2Z)
X

(b(on;Y); b(0n;2);0)
b(on:Y) Y;Z6(0n;Y;Z)
\% Y

X
= (b(x; Y); b(x; Z);0)

X b(xY) YZz8(xY;Z)

whereX is boundandwritten asx for emphasisBecause
of that,the summatiorcanbe solvedwith regularcounting
elimination, yielding a new potentialfunction 9c). Note
that Yc) doesnot dependon the particularvalue of x,
sinceit actsasanindex andthe summationhasthe same
structureregardlessof its value. We canthereforecalculate
it with ary arbitraryvaluein thedomainof X . We areleft

with Y 0? )
C).
X

We call the atomswhosecorrespondingsummationsare
invertedinvertedatoms

(Y= %=



MPE and Partial Inversionin Lifted Probabilistic Variable Elimination

3.1.Groundingsof inverted atomsby distinct
substitutions must be disjoint

Sometimesve cannotapplypartialinversion.Considetthe
casen whichthesecond atomis b(Z; X):

X X
b(on;Y)

b(012V
(b(o1;Y); (Z;01);0) 12

Y;Z6(01;Y;2)

(b(on;Y);b(Z; 0n); €)

Y;Z8(0n;Y;Z)

This doesnotyield the sametype of factoring,sinceevery
productinvolves somerandomvariablefrom eachof the
summationsThis motivatesthe following.

Condition 3.1. Partial inversionof logical variables. in a
parfactorg is applicableonly if thegroundingRV (AL 1)
andRV (AL ) aredisjoint,whereA isfa2 Ay : L
LV (a)gand ; and , areary two distinctsubstitutionf
L:

8% 02[Cy] °6 %) RV(AL )\ RV(AL 9= ;:

Such a formula can be decidedby using the constraint
solver, but we omit the detailshere.

3.2.Uniform Solution Counting Partition (USCP)

Considettheinversionof Y resultingin theexpression
Y X
(p(y; 2)):

Y p(y;Z)Z6y,Z6a

The summationcannotbe calculatedindependentlyof vy,
sincejRV (p(y; Z2))j will dependonwhetherY = a. One
needdo considelinstead

X [Y 6 alj

@z oy:2)) |

p(a;iZz)Z6a p(y:Z)Z6y

= Q) o)ilveal = o0op

by usingtwo inversioneliminations.In generalponeneeds
to consideitheuniformsolutioncountingpartition (USCP)
of theinvertedlogical variables The USCPis a partitionof
invertedlogical variablessubstitutionsetinto subsetdhat
yield a uniform numberof solutionsfor theremaininglog-
ical variables.It canbe computedoy usingthe constraint
solver.

3.3.All atomswith inverted logical variables must be
inverted

It is necessarjo alwaysinvertall atomsof aninvertedlog-
ical variable, as the following exampleillustrates. Con-
siderthe following valid, but not useful,inversionof Y in

qex;Y):
X
(P(X5Y)A(Y; 2))

p(X :\se;q(Y;Z>2 X Y\% v

) pS)é;Y)%Y;Zg(Y ¢Z

p(X:Y) Y q(y;z)XZ

(p(X;Y)a(Y; Z2))
(p(X;y)aly; Z2))

Solving the inner summation provides a function on
No(x y)y Whichis differentfor eachY, preventingus from
eliminatingall of themat once. Instead oneshouldinvert
bothp(X;Y) andq(Y; Z), obtaining
Y X X Y
= (P(X;y)aly; 2))
Y p(Xiy)a(y:iz) Xz

whosesumis countingeliminable.

Finally, it is importantto notethatwheninvertingall logi-
cal variablesof a parfactot theinnersumwill be a propo-
sitional onethatdoesnot involve counters.In this casewe
would nothave theproblemabore, andonecaninvertonly
oneof theatoms.After that,theatomis eliminatedasin the
propositionakasesinceits logical variableswill bebound.
This inversionandthen propositionaleliminationamount
to theinversioneliminationof this atomasdoneby FOVE.

4. The FOVE-P algorithm

The FOVE-P algorithmpresentednh gure 1isamodi ca-
tion of FOVE thatincorporatespartial inversion. Because
partial inversion,combinedwith a propositionalelimina-
tion, is equivalentto FOVE's inversion elimination, this
operationis not presenin FOVE-P.

FOVE-P works as follows: it selectsthe next group of
atomsto beeliminated E, accordingo therestrictionam-
posedby partial inversionandcountingelimination. This
is doneby the proceduré=IND-ELIMINABLE-ATOMS

In selectingeliminableatoms,it is importantto consider
all parfactorsinvolving their grounding. Even parfactors
with distinctatomsfrom E needto be consideredif these
distinct atomsstill have the samegroundingsas someof
theeliminableatoms.This is why the algorithmoftenuses
Ge andGg, the subsetof parfactorsG which dependon
RV (e) andRV (E), respectiely.

After E is determinedthe algorithm fusesthe parfactors
in Gg, thatis, calculatesan equivalentsingle parfactorg.

Theng is subjectedo asmary partial inversionsas pos-
sible, possiblyreducingthe problemto countingor propo-
sitional elimination. If E is a single atom with all logi-

cal variablesin g, applyingpartial eliminationwill reduce
the problemto a propositionakliminationstep,essentially
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reproducingthe inversioneliminationoperationpresentn
FOVE.

FIND-ELIMINABLE-ATOMSreturnsa setof atomsE that
will includeall non-groundatomsin Gg , a necessargon-
dition for countingelimination. The only exceptionto this
is whenit nds a singleatome which containsall logical
variablesin f usion(Gg), sincethis will allow the partial
inversion and propositionalelimination combinationthat
reproducednversionelimination.

It is worthwhilerestatingwhatFOVE-P canandcannotdo.
Thealgorithmcanprocesgarfactorsthataresubjecto one
or morepartialeliminations(aspercondition3.1) andthen
to counting(or propositional)elimination. It still cannot
dealwith casedn which it is not possibleto apply partial
inversionenoughin orderto reduceto parfactorswithout
atomsthatconstraireachother(sothatwe canapplycount-
ing or propositionaklimination).

5. Lifted Most Probable Explanation
5.1.Lifted Assignments

In rst-order modelsassignmentmightberegularassign-
ments,representetby formulaswith equality or lifted as-
signmentsA lifted assignmenis in facta descriptionthat
ts anentiresetof assignmentsall of themequally max-
imizing potentials. Thereare univessally or existentially
quanti ed lifted assignments.

Universally quanti ed lifted assignmentsdeclarethata
certainassignments valid for all valuesof a setof log-

ical variables. Its generalform is 8 C ' , whereC is a
constrainbnthequanti ed logical variablesand' is afor-

mularepresentingn assignmentof which an exampleis

8 Y 6 b p(Y) = a, thatis, in a particularlifted assign-
ment,p(Y) is equalto a, for all Y .

An exampleof a universallifted assignmenis the follow-
ing:

8Y q(X;Y) = vitr(X;Y) = vp
which meanghat,for someunboundX , for all valuesof Y
we have (X ;Y) assignedr; andr (X ;Y) assigned,.

We often have functions returning lifted assignments:
f(p(x)) <

8Y q(X;Y) = fYp(X)) "~ r(X;Y) = fNRa(X;Y))
wheref %is afunctionfrom the domainof p(X ) to the do-
main of q(X;Y) andf ®is function from the domainof

q(X;Y) tothedomainof r(X;Y).

Existentially quanti ed lifted assignmentdeclarethata
speci ¢ numberof substitutionsmalke a subformulatrue.
Its generalform is [97{) L : C]" (v), which meansthat,
for everyv 2 D, therearen(v) substitutionsfor logical
variabled. satisfyingconstraintC for which' (v) holds.

PROCEDUREFOVE-RG, Q)

G asetof parfactorsQ RV (G), G shatteredgainstQ.
. If RV(G) = Q, returnG.

E  FIND-ELIMINABLE-ATOMSG; Q).

. g FUSIONGE).

g® ELIMINATE(ge  E).

. ReturnFOVE(fg’g[ G. e;Q).

PROCEDUREFIND-ELIMINABLE-ATOMSG, Q)

1. Chooses fromAg nQ.

2. g FUSIONGe)

3. If LV (e) = LV (g) and8e®2 Ay RV (e®) 6 RV (e)
returnf eg (inversioneliminable).

4. E feg.

5. While E 6 non-grouncatomsof Gg
E E[ non-groundatomsof Ge .

6. ReturnE.

PROCEDUREELIMINATE(g, E)
1. If LV (9) = ; (piepositionakase)
returnparfactor( ¢ g(Ag);AgnE;>).
2. 1fg°® PARTIAL-INVERSIOW; E) suceeds
returng’.
3. ReturnCOUNTINQg; E).

PROCEDUREPARTIAL-INVERSIORY, E)
1.L INVERTIBLHEg; E).
2. U USCP(Cg;L) (section3.2).
3. Return~ ., , ELIMINATE(g ¢;E ¢)Pt/,
where ¢ is anarbitraryelementof [C].

PROCEDUREINVERTIBLEg, E)
1. If thereisalargestL 2 LV (g) suchthat,
forAL = fa2 Ag:L LV (a)g,
8 1; 22 [ngL]RV(AL 1)\ RV(AL 2) =,
returnL.
2. Fail.

PROCEDURECOUNTINQg, E)
1. If coungngelimina(s'onof E valid for g

return(* o Ne! g(V; AgnE)* ViINE)- A nE;>).

aohwNR

v

2. Fail.
PROCEDUR[EFUSIONG)
1. Co 426 Co-

T
2. Returnparfactor(Qg2G e izl g26 Agi Co)

(fusionis detailedin (de Saho Brazetal., 2005). Essen-
tially, it calculatesa parfactorequialentto a setof them).

Notation:
LV ( ): logicalvariablesin object .
D : domainof logical variablesetL .
jYj: sizeof domainof logical variableY .
g : parfactor( 4;Agq ;Cq ).
CjL : constraintgprojectedo a setof logical variables. .
Ge : subsef parfactorsG whichdependonRV (E).
G. g: subsetof parfactorsG which do not dependon
RV (E).
> : tautologyconstraint.

Figurel. FOVE-P.

An exampleof afunctionon N, (x ) returningexistentially
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guanti ed lifted assignmentis

def

FANpx)) < pn )

VZDp(x ()

XY : X 8 Y]r(X;Y)=1(v)
where# is thefunctionusedin countingelimination.

5.2.The mpe operator

In the Most Probable Explanation inference problem
(MPE) we mustidentify someassignmento randomvari-
ableswith maxi,mum potentialmaxgy gy ( G). Thisis
very similarto - ry gy ( G). In propositional proba-
bilistic inference,a commonway of solving this problem
is to useVariable Elimination, but replacingsummations
by maximizations. The maximizing assignmentanthen
be trivially obtainedasa side effect of maximizationsal-
thoughit is not explicitly representedn the expression
above. In lifted MPE, assignmentaremanipulatedn non-
trivial waysandneedto be treatedmoreexplicitly. Thisis
why weintroducethempe operator, acombinatiorof max
andarg max operatorswhich allows usto explicitly refer
to maximizingassignments.

For ary realfunctionf andvariableg, we de ne

mpef (g) = maxf (¢%);q= argmaxf (¥ :
q q° q°

Theresultof mpe is a pair of the maximumvalueof f (q)

andthe maximizingassignmento g, representedty a for-

mula with equality We call sucha pair p a potential-
assignmenpair, or pa-pair andits componentsrep® and
p? respectiely. Let () beafunctionreturningpotential-
assignmenpairs. Thenwe de ne

mpe () = max P(g);q=argmax P(PA" *(q9 ;
q q q

thatis, if givena functionthatprovidespa-pairsmpe re-
turnsa pairmaximizingthatpotentialfor g, with anassign-
mentrepresentetly the conjunctionof maximizingassign-
mentto q andwhatever assignmeng® () is.

5.3.FOVE-P for MPE

Oncewe have thempe operatorandparfactorsthatmapto
pa-pairsratherthansimply potentialsit is straightforvard
to usethe FOVE-P algorithmto solve MPE, by simply re-
placing by mpe and having an emptyquery The use
of mpe guaranteeshat maximizationis being performed
andthat elimination operationgproduceparfactorsreturn-
ing maximizing pa-pairswith assignmentso previously
eliminatedvariables.

However, becausehe algorithmperformssomeoperations
onpotentialsjt isimportantto de ne whattheseoperations

meanfor pa-pairpotentials. Theseoperationsare essen-
tially two: (a) the productof potentialsand(b) the corver
sion of potentialfunctionsfrom beingde ned on assign-
mentsto atomsto beingde ned on counters.

Pa-pair products. The productof pa-pairsis de ned as
follows: Forr ands pa-pairsy s= (rPs”;rA ~ s?).

The pa-pair product contritutes in forming universally
guanti ed lifted assignmentbecauseainiversalquanti ca-
tion is a form of conjunction. Assumethat g is a parfac-
toronp(X); q(X;Y) with maginalsgivenby P and A

de ning assignmentsn a previously removedr (X;Y) by
afunctionf . We caninvert X ; Y andobtain

Y
mpe ( g) = mpe b (P(X);a(X;Y));

q(X;Y) q(x;Y) XY
r(X;Y) = f(p(X);a(X;Y))
5 (p(X);a(X;Y));

Y

mpe
Xy 4(X3Y)

r(X;Y) = f(p(X);a(X;Y))

max £ (p(X); a0 Y));

Y

XY

q(X;Y) = argmax ()"~ r()="f()
q(Xx:;Y)

F(P(X));a(X;Y) = FAp(X) ~ r() = ()

XY

(becaus¢he mamginal andassignedraluesdependonly on
p(X) andthereforenoton Y, we canraisethepotentialso
thepowerjY j and,by thede nition of pa-products)

Y .
= F (P

8Y aX;Y) = fAp(XN~r()=f() = (&
for someappropriateparfactorg® = ( go; f p(X )g; Cgo).

In general,universally quanti ed lifted assignmentsare
formed at the point of the algorithmwherea parfactorg
hasanirrelevant subsetlL of logical variablesso that we

have
Y Y P A
(Ag ); “(Ag)
Lz[cgjL] 2[ngLV (g)nL]
Y

= ( P)J[CgiL]J(Ag ):[8L :ngL] A(Ag )
2[Cjv (g)nL]

5.3.1. CONVERSION TO POTENTIAL FUNCTIONS ON
COUNTERS.

We now shaw theconversionof potentialfunctionsto func-
tions on countersby exampleandin general. In the fol-
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lowing, mpe is over RV (p(X)), which is the sameas
RV (p(Y)):

mpe P(p(X);p(Y));r(X;Y) = f(p(X);p(Y))

p(x)xgy

(by performingthe countingmanipulation)

mpe P(V)#( V;Np(x));

Npox) v2Dp(x)p(v)
#( V;Np(x))
VZDp(x ) ()

mpe f (Npx)); f UNpx))
Np(x)

XY : X 6Y]r(X;Y)=f(v)

= max f (Npx));
Np(x)

Np(X) = arg(j) max f O(Nop(x )) N f OQNp(X ))
N x )

T0: 20 = ()

whereg® = ( %;;>) is aconstaniparfactorreturningthe
maximum potentialand the lifted assignmenformed by
the distribution of valueson p(X ) (representetdy N(x )
maximizingf % and, for eachv 2 Dx):p(v), thereare
#( v, Npx)) pairs (X,;Y) satisfyingX 6 Y suchthat
r(X;Y) is assigned °Qv).

In general,existentially quanti ed lifted assignmentsre
rmedasfollows:
§(Ag )i §(Ag)

- P (\\#( ViNa ). gf( ViNag
= v2pa, g (V) 97:92D,,

2[Cq]

OW

6. Example

We go back to the model presentedn the introduction:

1(partner s(P; C1;C>));C1 6 Cy:

2(partner s(P; C1; Cy); retail (Cq); retail (C2));C1 6 C
where ; and , are parfactorswith appropriatepoten-
tial functionsfor the desireddependencies. ; performs
the role of a “prior” (althoughsucha notion is not pre-
cisein anundirectedmodelasthis). If thereare15 com-
paniesin the domain, our implementation(available at
http://12r.cs.uiuc.edu/"cogcomp/ ) produces
alifted assignmenthatcanbereadas
“for all products,thereare 8 retail companiesaand 7 non-
retail companiesand 56 pairs of companiesare partners
andtherestis not”

7.Conclusion

This papemakestwo contrikutionstowardsa greateitheo-
reticalunderstandingf lifted probabilisticinference.The

rst oneis a generalizatiorof FOVE to FOVE-P, whichis
ableto dealwith importantcasesn rst-order probabilistic
inference(FOPI)whereatomssharelogical variables.The
secondoneis a representatiomnd manipulationof lifted
assignmentsothatFOVE-P canbeusedto solve the MPE
problemaswell. Both are stepstowardsadwancedprob-
abilistic inferencealgorithmsthat can take advantageof
compaciandexpressie representations.

Many directionsremainto be taken: approximateinfer-

ence,querieswith non-groundatomsand introduction of

function symbols are among the most important ones.
Moreover, FOVE-P doesnot cover all possibleconstraint
con gurationsin our languageandit is desirableto either
generalizat furtheror to shaw thisis not possible.
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