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Abstract

It is often convenient to representprobabilis-
tic models in a �rst-order fashion, using log-
ical atoms such as partner s(X ; Y ) as ran-
dom variables parameterizedby logical vari-
ables. (de Salvo Braz et al., 2005), follow-
ing (Poole,2003),give a lifted variableelimina-
tion algorithm (FOVE) for computingmarginal
probabilitiesfrom �rst-order probabilisticmod-
els (belief assessment,or BA). FOVE is lifted
becauseit works directly at the �rst-order level,
eliminatingall theinstantiationsof asetof atoms
in a singlestep. Previous work could treatonly
restrictedpotentialfunctions. There,atoms' in-
stantiationscannotconstraineachother: predi-
catescan appearat most once,or logical vari-
ablesmust not interact acrossatoms. In this
paper, we presenttwo contributions. The �rst
one is a signi�cantly more generallifted vari-
ableeliminationalgorithm,FOVE-P, thatcovers
many caseswhereatomssharelogical variables.
The secondcontribution is to useFOVE-P for
solving the Most ProbableExplanation(MPE)
problem,which consistsof calculatingthe most
probableassignmentof the randomvariablesin
a model. We introducethe notion of lifted as-
signments, a distribution of valuesto a set of
randomvariablesratherthan to eachindividual
one. Lifted assignmentsarecheaperto compute
while beingasusefulasregularassignmentsover
thatgroup.Both contributionsadvancethetheo-
reticalunderstandingof lifted probabilisticinfer-
ence.
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1. Intr oduction

Probabilisticmodels(Pearl,1988) offer a naturalway to
modeldomainswith noiseor incompleteinformation. In
undirectedgraphicalmodels,one can provide factors,or
potential functions� i , over setsof randomvariablesde-
scribing thesefacts. When the samedependency applies
acrossmultipleobjectsof thesametype,it is naturalto use
parameterizedfactors, or parfactors, describedover para-
meterizedrandomvariables. Parameterizedrandomvari-
ablesare representedas logical atomswhoseparameters
arelogical variables,suchasr etail (C), for whethereach
possiblecompany C is a retailer. Parfactorsstandfor all
factorsobtainedfrom instantiatingits logicalvariables,and
canbeannotatedby a constraintindicatingwhich instanti-
ationsare valid. Considera domainin which we model
partnershipsof companiesarounda certain product and
whetherthey areretailers. An exampleof two parfactors
is

� 1(par tner s(P; C1 ; C2)) ; C1 6= C2 :
� 2(par tner s(P; C1 ; C2); r etail (C1); r etail (C2)) ; C1 6= C2 :

While morecompactandclearthanits propositionalcoun-
terpart,parameterizedmodelsstill needto beproposition-
alizedfor solvingwith a regularprobabilisticinferenceal-
gorithm. Propositionalizedmodelsaremuchlargeranddo
not containtheoriginal higher-level structurethat canpo-
tentially beusedfor fasterinference.Consequently, infer-
encetakestimethatgrowsexponentiallywith domainsize.
This hasbeenthe approachin much of the work in the
area(Ngo & Haddawy, 1995;Ng & Subrahmanian,1992;
Jaeger, 1997;Kersting& DeRaedt,2000;Koller & Pfeffer,
1998;Richardson& Domingos,2004).

(de Salvo Braz et al., 2005),following (Poole,2003),de-
scribeFOVE (First-OrderVariableElimination),alifted al-
gorithm for calculatingmarginal probabilities(belief as-
sessment,or BA) from a �rst-order probabilisticmodel.
The algorithm is lifted in the sensethat inferenceis car-
ried on the �rst-order level, taking computationaladvan-
tageof themodel's structureandcarryingsimilar calcula-
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tionsacrossgroupsof randomvariables.

FOVE usestwo differenteliminationoperationsthatarere-
strictedin differentways.Inversioneliminationoperatesin
time independentfrom domainsize,but caneliminatean
atomonly if it containsall logicalvariablesin its parfactor,
andits groundingis disjoint from any otheratom's in that
parfactor. Countingeliminationcandealwith atomswhose
groundingis thesameassomeotheratomin theparfactor,
but logical variablesin oneatomcannotbeconstrainedby
thoseof others.

The �rst contribution of this paperis to presentFOVE-P,
a moregeneralalgorithmthatcansolve many caseswhere
atomssharelogical variables.Supposea modeldescribes
the in�uence of a company doingbusinesswith two other
companiesand the occurrenceof a con�ict, by having a
parfactor � (business(X ; Y ); business(X ; Z ); conf l ict ),
for X 6= Y 6= Z 6= X , where conf l ict is a 0-arity
predicateindicatingtheoccurrenceof any con�ict. FOVE
cannotmarginalizeon conf l ict , sincethebusinessatoms
have the samegrounding(preventing inversion elimina-
tion) and sharelogical variable X (preventing counting
elimination). This can however be solved by FOVE-P
throughanew operationcalledpartial inversion.

Thesecondcontributionof thispaperis showinghow touse
FOVE-P to obtaina lifted solutionfor Most ProbableEx-
planation(MPE). MPE is an importantprobabilisticinfer-
enceproblemwhich consistsof calculatinganassignment
with maximumprobability to a model's randomvariables.
While the transitionfrom BA to MPE in thepropositional
caseis straightforwardandobtainedby replacingsumop-
erationsby maximizingoperations,in the lifted caseone
mustdealwith two main issues.First, thereis now a no-
tion of lifted assignment, thatis, anassignmentovergroups
of indistinguishablerandomvariablesthatdoesnotspecify
assignmentsonanindividualbasis,but describesadistribu-
tion of valuesto thegroupasawhole.Second,assignments
mustnow berepresentedin amoreexplicit way thanin the
propositionalcase,sincetheirdescriptionsaremanipulated
by thealgorithm.

Thenotionof lifted assignmentsgivesriseto queriesonthe
numberof objectsin adomainwith certainproperties.This
is not somethingusually done in the propositionalcase,
andusefulin domainsin which onedealswith large pop-
ulations. In the exampleabove, an instanceof MPE with
lifted assignmentswould be thecalculationof thenumber
of retail companieswith maximumprobability, given the
domainmodel.

2. The FOVE Algorithm

This section recalls First-Order Probabilistic Inference
(FOPI) de�nitions and the FOVE algorithm presentedin

(deSalvo Brazetal., 2005).

The FOVE and FOVE-P algorithmsare developedunder
the framework of undirectedgraphical models such as
Markov networks (Pearl,1988). Thesemodelsarespeci-
�ed by asetof potentialfunctions(or factors) de�ned over
setsof randomvariables.Following (Poole,2003),theno-
tion of factor is generalizedto that of parameterizedfac-
tor (or parfactor). A joint probabilityon therandomvari-
ablesis de�ned asbeingproportionalto theproductof fac-
tors. A parfactordescribesa potentialfunctionon a setof
randomvariables,but therandomvariablesarenow repre-
sentedby logical atoms,possiblyparameterizedby logical
variables.The logical variablesaretypedandeachtype is
a discretedomain.Onecanthereforerepresenta potential
function � (f r iend(X ; Y ); f r iend(Y; X )) ; X 6= Y which
standsfor all factorsinstantiatedfrom it by substitutionsof
X andY thatsatisfytheconstraintX 6= Y . In general,a
parfactoris a triple g = (� g; Ag; Cg) of a potentialfunc-
tion,asetof atoms,andaconstraintonits logicalvariables.
The constraintsareequationalformulas,that is, formulas
wheretheonly predicateis equality, with theuniquename
assumption.Thealgorithmmakesuseof aconstraintsolver
for suchformulas.

A FOPIprobabilisticmodelis de�nedby asetof parfactors
G andtheassociatedlogical variabledomains(thepopula-
tion). Becauseeachinstantiationof aparfactorg is a factor
in itself, the joint distribution de�ned by G on its ground
randomvariables,denotedRV(G), is theproductof all in-
stantiationsof all parfactors:

P(RV(G)) /
Y

g2 G

Y

� 2 [Cg ]

� g(Ag � )

where[Cg] is thesetof substitutionssatisfyingCg. Wede-
notethesecondproductaboveas�( g) andtheentireright-
handsideas�( G).

2.1.Lifted Belief Assessment

TheLifted Belief Assessmentinferenceproblemis thatof
calculatingthemarginalprobabilityonasetof groundran-
domvariablesQ:

P(Q) /
X

R V (G)nQ

�( G)

FOVE assumesthat G is shattered, that is, given any two
atomsin it, their groundingsare either identical or dis-
joint. The processof shatteringa model is describedin
(de Salvo Braz et al., 2005). Note that distinct atomscan
have thesamegroundings,asit is thecasewith p(X ) and
p(Y ) for X ; Y with samedomain.Thealgorithmworksby
selectingasetof atomsE to beeliminatedateachstep:

X

R V (G)nQ

Y

g2 G

�( g) =
X

R V (G)nR V (E )nQ

X

R V (E )

Y

g2 G

�( g)
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(by de�ning GE theparfactorsin G dependingon RV(E)
andG: E = G n GE )

=
X

R V (G)nR V (E )nQ

Y

g2 G : E

�( g)
X

R V (E )

Y

h2 GE

�( h)

(by fusion(�gure 1), we obtaina singleparfactorgE such
that�( GE ) = �( gE ))

=
X

R V (G)nR V (E )nQ

Y

g2 G : E

�( g)
X

R V (E )

�( gE )

(by usingtheeliminationoperationsdescribedlater, weob-
taing0 suchthat�( g0) is equalto thelastsum)

=
X

R V (G)nR V (E )nQ

Y

g2 G : E

�( g)�( g0)

=
X

R V (G0)nQ

Y

g2 G0

�( g) (whereG0 = G: E

[
f g0g);

which reducesourproblemto aninstancewith strictly less
randomvariables.

However, not all choicesof E are valid. The algorithm
mustpick E so that it satis�estheconditionsfor eitherof
FOVE's two eliminationoperations:inversionelimination
andcountingelimination.Wenow recallthemboth.

2.1.1. INVERSION ELIMINATION

Inversioneliminationrequiresthat thereis oneatomin E
whosegroundingis disjoint from all otheratomsin gE and
which containsall its logical variables(the reasonfor this
is provided below). So q(X ; Y ) can be eliminatedfrom
(�; f p(X ); q(X ; Y )g; > ):

X

R V (q(X ;Y ))

Y

X Y

� (p(X ); q(X ; Y ))

(let f o1; : : : ; on g be the domain of both X and Y , and
� (i; j ) shorthandfor � (p(oi ); q(oi ; oj )) )

=
X

q(o1 ;o1 )

X

q(o1 ;o2 )

� � �
X

q(on ;on )

� (1; 1)� (1; 2) : : : � (n; n)

(by observingthat� (i; j ) dependsonq(oi ; oj ) only)

=
X

q(o1 ;o1 )

� (1; 1) � � �
X

q(on ;on )

� (n; n)

(by observingthatonly � (i; j ) dependsonq(oi ; oj ))

=
� X

q(o1 ;o1 )

� (1; 1)
�

: : :
� X

q(on ;on )

� (n; n)
�

=
Y

X Y

X

q(X ;Y )

� (p(X ); q(X ; Y ))

=
Y

X Y

� 0(p(X )) =
Y

X

� 0(p(X )) jY j =
Y

X

� 00(p(X )) :

However one cannoteliminate q(X ; Y ) from parfactors
with atoms (p(X ; Z ); q(X ; Y )) or (q(X ; Y ); q(Z; W )) .
The invertedatom(the oneunderthe sum)needsto con-
tainall logicalvariablesbecauseits expansionwouldnotbe
one-to-onewith theexpansionof theproductsotherwise.

Note that inversioneliminationreducesa sumover all as-
signmentsto thesetof randomvariablesRV(q(X ; Y )) to
one over the assignmentsto a single one, and its cost is
independentfrom jRV(q(X ; Y )) j.

2.1.2. COUNTING ELIMINATION

CountingeliminationrequiresthatE beall atomswith any
logical variablesin gE , and that the logical variablesin
any two atomsof E do not constraineachotherunderCg.
Therefore,it can eliminatep(X ) from (p(X ); q(Y )) but
not from (p(X ); q(Y )) with X 6= Y sincethe choiceof
X limits thechoiceof Y . In FOVE, casesnot coveredby
theseoperationshave to bedirectly calculated.

Beforewepresentthetheoremonwhichcountingelimina-
tion is based,somepreliminaryde�nitions arenecessary.

First, we de�ne the notion of independentatomsgiven a
constraint.This happenswhenchoosinga substitutionfor
oneatomfrom the constraint's solutionsdoesnot change
thepossiblechoicesof substitutionsfor theotheratom.Let
� beany object,LV (� ) be the logical variablesin � , and
Cj L be the projectionof a constraintC to a setof logical
variablesL . Let �X 1 and �X 2 be two setsof logical vari-
ablesand C a constraintsuchthat �X 1 [ �X 2 � LV (C).
�X 1 is independentfrom �X 2 givenC if, for any substitution

� 2 2 [Cj �X 2
], Cj �X 1

, (C� 2) j �X 1
. �X 1 and �X 2 areindepen-

dentgivenC if �X 1 is independentfrom �X 2 given C and
vice-versa. Two atomsp1( �X 1) andp2( �X 2) are indepen-
dentgivenC if �X 1 and �X 2 areindependentgivenC.

The secondnotion is that of just-different atoms,a notion
presentonly implicitly in (deSalvo Brazetal.,2005).This
meansthat choosinga substitutionfor the �rst atom re-
strictsthechoicesfor thesecondonein exactlyonesubsti-
tution. This is de�ned only for atomswith thesamepredi-
cate.Two atomsp( �X 1) andp( �X 2) arejust-differentgiven
C if Cj �X 1 [ �X 2

, Cj �X 1
^ Cj �X 2

^ �X 1 6= �X 2. This saysthat
thesetof joint satisfyingassignmentsto �X 1 and �X 2 must
be no more,andno less,thanthe setof satisfyingassign-
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mentsto their separaterequirementsplustherestrictionof
them being distinct. Using Cj �X 1

and Cj �X 2
statethat the

joint constraintdoesnot remove any solutionfrom �X 1 or
�X 2 otherthantheonesin which they coincide.

Finally, we de�ne multinomial counters. Let a be an
atom(with an associatedconstraintsystem)with domain
Da . Then the multinomial counter of atom a, denoted
~Na , is a vector where ~Na;j indicateshow many ground-
ingsof a areassignedthe j -th valuein D a . Themultino-
mial coef�cient ~Na ! is de�ned as( ~Na;1; : : : ; ~Na; jD a j )! =
( ~N a; 1 + ��� + ~N a; j D a j )!

~N a; 1 !::: ~N a; j D a j !
.

Thesetof multinomialcountersfor a setof atomsA is de-
noted ~NA , andtheproduct

Q
a2 A

~Na ! of theirmultinomial
coef�cients is denoted ~NA !. Multinomial countersare a
generalizationof binomials(asusedin, say, the Bernoulli
distribution)andtheirfunctionhereis to indicatehow many
distinctassignmentspresentthesamedistributionof values
throughtheir randomvariables.

Theorem 1. Let g be a shatteredparfactor and E =
f E1; : : : ; Ek g be a subsetof Ag suchthat RV(E) is dis-
joint from RV(Ag n E), A0 = Ag n E areall ground,and
whereeachpair of atomsof differentpredicatesareinde-
pendentgivenCg andeachpairof atomsof samepredicate
arejust-differentgivenCg. Then

X

R V (E )

�( g) =
X

R V (E )

Y

� 2 � g

� (Ag � )

=
X

~N E

~NE !
Y

v2 D E

� (v; A0)#( v; ~N E )

#( v; ~NE ) =
kY

i =1

� ~NE i ;v i � excluded(i )
�

excluded(i ) = jf j < i : E i ; E j arejust-differentgivenCggj:

Theideabehindtheproof is that thereis a limited number
of valuesv in which E canbe instantiatedinside � . We
thereforecalculate� (v) for eachof themandexponenti-
ateit by #( v; ~NE ), which is thenumberof timesthevalue
assignmentv occursaccordingto ~NE . This numberis cal-
culatedby choosing,for eachvi , from the ~NE i ;v i random
variablesin RV(E i ) assignedvi , minusthe onesalready
taken from previous just-differentatoms. Oncepotentials
areexpressedin termsof counters,we cangroupassign-
mentsonRV(E) by theircounters~NE , takinginto account
thatthereare ~NE ! of them.

In particular, this meanswe cannotapply countingelimi-
nationto parfactorswhereatomssharelogical variables,a
strongrestriction.

3. Partial Inversion

In (deSalvo Brazetal.,2005),countingeliminationwasre-
strictedto caseswheneliminatedatomswereindependent
from eachother, or at leastjust-different.This preventsits
applicationto someimportantcases.Supposea parfactor
establishesthe potentialfor con�ict (c) whena company
doesbusiness(b) with morethanoneothercompany:

X

b(X ;Y )

Y

6=( X ;Y ;Z )

� (b(X ; Y ); b(X ; Z ); c)

In the above, 6= (X ; Y; Z ) standsfor pairwisedifference
betweenX ; Y; Z andtheRV(b(X ; Y )) underthesumma-
tion is written as b(X ; Y ) for simplicity. Note that we
couldhave usedRV(b(X ; Z )) underthesumjust aswell.
ThenthesharedlogicalvariableX betweenatomsprevents
countingeliminationfrom beingused. Inversionelimina-
tion is notpossibleeither, becausenoatomcontainsall log-
ical variablesin theparfactor.

Partial inversionis a techniquein whichasum-productin-
versionon someof the logical variablesis performedon
theparfactor, bindingthem.This bindingis in many cases
enoughto reducetheproblemto a solvableone.In our ex-
ample,assumingthedomainis o1; : : : ; on , wecaninvertX
by rewriting theabove as

X

b(o1 ;Y )

� � �
X

b(on ;Y )
Y

Y;Z 6=( o1 ;Y ;Z )

� (b(o1; Y ); b(o1; Z ); c) : : :

Y

Y;Z 6=( on ;Y ;Z )

� (b(on ; Y ); b(on ; Z ); c)

=
� X

b(o1 ;Y )

Y

Y;Z 6=( o1 ;Y ;Z )

� (b(o1; Y ); b(o1; Z ); c)
�

: : :

� X

b(on ;Y )

Y

Y;Z 6=( on ;Y ;Z )

� (b(on ; Y ); b(on ; Z ); c)
�

=
Y

X

X

b(x;Y )

Y

Y;Z 6=( x;Y ;Z )

� (b(x; Y ); b(x; Z ); c)

whereX is boundandwritten asx for emphasis.Because
of that,thesummationcanbesolvedwith regularcounting
elimination,yielding a new potentialfunction � 0(c). Note
that � 0(c) doesnot dependon the particularvalue of x,
sinceit actsasan index andthe summationhasthe same
structureregardlessof its value.Wecanthereforecalculate
it with any arbitraryvaluein thedomainof X . We areleft
with Y

X

� 0(c) = � 0jX j = � 00(c):

We call the atomswhosecorrespondingsummationsare
invertedinvertedatoms.
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3.1.Groundingsof inverted atomsby distinct
substitutionsmust bedisjoint

Sometimeswecannotapplypartialinversion.Considerthe
casein which thesecondbatomis b(Z; X ):

X

b(o1 ;Y )

� � �
X

b(on ;Y )
Y

Y;Z 6=( o1 ;Y ;Z )

� (b(o1; Y ); b(Z; o1); c) : : :

Y

Y;Z 6=( on ;Y ;Z )

� (b(on ; Y ); b(Z; on ); c)

This doesnot yield thesametypeof factoring,sinceevery
productinvolves somerandomvariablefrom eachof the
summations.Thismotivatesthefollowing.

Condition 3.1. Partial inversionof logicalvariablesL in a
parfactorg is applicableonly if thegroundingsRV(AL � 1)
andRV(AL � 2) aredisjoint, whereAL is f a 2 Ag : L �
LV (a)g and� 1 and� 2 areany two distinctsubstitutionsof
L :
8� 0; � 002 [CgjL ] � 0 6= � 00) RV(AL � 0) \ RV(AL � 00) = ; :

Such a formula can be decidedby using the constraint
solver, but weomit thedetailshere.

3.2.Uniform Solution Counting Partition (USCP)

Considertheinversionof Y resultingin theexpression
Y

Y

X

p(y ;Z )

Y

Z 6= y;Z 6= a

� (p(y; Z )) :

The summationcannotbe calculatedindependentlyof y,
sincejRV(p(y; Z )) j will dependon whetherY = a. One
needsto considerinstead
� X

p(a;Z )

Y

Z 6= a

� (p(a;Z ))
� 1� X

p(y ;Z )

Y

Z 6= y

� (p(y; Z ))
� j [Y 6= a]j

= � 0()1� 00() j [Y 6= a]j = � 000()

by usingtwo inversioneliminations.In general,oneneeds
to considertheuniformsolutioncountingpartition (USCP)
of theinvertedlogicalvariables.TheUSCPis apartitionof
invertedlogical variablessubstitutionssetinto subsetsthat
yield auniformnumberof solutionsfor theremaininglog-
ical variables.It canbe computedby usingthe constraint
solver.

3.3.All atomswith inverted logical variablesmust be
inverted

It is necessaryto alwaysinvertall atomsof aninvertedlog-
ical variable,as the following example illustrates. Con-
siderthe following valid, but not useful,inversionof Y in

q(X ; Y ):
X

p(X ;Y ) ;q(Y;Z )

Y

X Y Z

� (p(X ; Y )q(Y; Z ))

=
X

p(X ;Y )

X

q(Y;Z )

Y

Y

Y

X Z

� (p(X ; Y )q(Y; Z ))

=
X

p(X ;Y )

Y

Y

X

q(y ;Z )

Y

X Z

� (p(X ; y)q(y; Z ))

Solving the inner summation provides a function on
~Np(X ;y ) which is differentfor eachY , preventingus from
eliminatingall of themat once. Instead,oneshouldinvert
bothp(X ; Y ) andq(Y; Z ), obtaining

=
Y

Y

X

p(X ;y )

X

q(y ;Z )

Y

X Z

� (p(X ; y)q(y; Z ))

whosesumis countingeliminable.

Finally, it is importantto notethatwheninvertingall logi-
cal variablesof a parfactor, the innersumwill bea propo-
sitionalonethatdoesnot involve counters.In this casewe
wouldnothave theproblemabove,andonecaninvertonly
oneof theatoms.After that,theatomis eliminatedasin the
propositionalcasesinceits logicalvariableswill bebound.
This inversionandthenpropositionaleliminationamount
to theinversioneliminationof thisatomasdoneby FOVE.

4. The FOVE-P algorithm

TheFOVE-Palgorithmpresentedin �gure 1 is amodi�ca-
tion of FOVE that incorporatespartial inversion. Because
partial inversion,combinedwith a propositionalelimina-
tion, is equivalent to FOVE's inversionelimination, this
operationis notpresentin FOVE-P.

FOVE-P works as follows: it selectsthe next group of
atomsto beeliminated,E , accordingto therestrictionsim-
posedby partial inversionandcountingelimination. This
is doneby theprocedureFIND-ELIMINABLE-ATOMS.

In selectingeliminableatoms,it is importantto consider
all parfactorsinvolving their grounding. Even parfactors
with distinctatomsfrom E needto beconsidered,if these
distinct atomsstill have the samegroundingsassomeof
theeliminableatoms.This is why thealgorithmoftenuses
Ge andGE , thesubsetsof parfactorsG which dependon
RV(e) andRV(E), respectively.

After E is determined,the algorithmfusesthe parfactors
in GE , that is, calculatesan equivalentsingleparfactorg.
Theng is subjectedto asmany partial inversionsaspos-
sible,possiblyreducingtheproblemto countingor propo-
sitional elimination. If E is a single atom with all logi-
cal variablesin g, applyingpartialeliminationwill reduce
theproblemto a propositionaleliminationstep,essentially
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reproducingthe inversioneliminationoperationpresentin
FOVE.

FIND-ELIMINABLE-ATOMSreturnsa setof atomsE that
will includeall non-groundatomsin GE , a necessarycon-
dition for countingelimination.Theonly exceptionto this
is whenit �nds a singleatome which containsall logical
variablesin f usion(Ge), sincethis will allow the partial
inversionand propositionalelimination combinationthat
reproducesinversionelimination.

It is worthwhilerestatingwhatFOVE-Pcanandcannotdo.
Thealgorithmcanprocessparfactorsthataresubjectto one
or morepartialeliminations(aspercondition3.1)andthen
to counting(or propositional)elimination. It still cannot
dealwith casesin which it is not possibleto applypartial
inversionenoughin order to reduceto parfactorswithout
atomsthatconstraineachother(sothatwecanapplycount-
ing or propositionalelimination).

5. Lifted Most ProbableExplanation

5.1.Lifted Assignments

In �rst-order models,assignmentsmightberegularassign-
ments,representedby formulaswith equality, or lifted as-
signments. A lifted assignmentis in facta descriptionthat
�ts an entiresetof assignments,all of themequallymax-
imizing potentials. Thereare universally or existentially
quanti�ed lifted assignments.

Universally quanti�ed lifted assignmentsdeclarethat a
certainassignmentis valid for all valuesof a set of log-
ical variables. Its generalform is 8 C ' , whereC is a
constrainton thequanti�ed logicalvariablesand' is a for-
mula representingan assignment,of which an exampleis
8 Y 6= b p(Y ) = a, that is, in a particularlifted assign-
ment,p(Y ) is equalto a, for all Y .

An exampleof a universallifted assignmentis thefollow-
ing:

8Y q(X ; Y ) = v1 ^ r (X ; Y ) = v2

whichmeansthat,for someunboundX , for all valuesof Y
wehave q(X ; Y ) assignedv1 andr (X ; Y ) assignedv2.

We often have functions returning lifted assignments:

f (p(X )) def=
8Y q(X ; Y ) = f 0(p(X )) ^ r (X ; Y ) = f 00(q(X ; Y ))
wheref 0 is a functionfrom thedomainof p(X ) to thedo-
main of q(X ; Y ) and f 00 is function from the domainof
q(X ; Y ) to thedomainof r (X ; Y ).

Existentially quanti�ed lifted assignmentsdeclarethata
speci�c numberof substitutionsmake a subformulatrue.
Its generalform is [9n (v)

v2 D L : C] ' (v), which meansthat,
for every v 2 D, therearen(v) substitutionsfor logical
variablesL satisfyingconstraintC for which ' (v) holds.

PROCEDUREFOVE-P(G, Q)
G asetof parfactors,Q � RV (G), G shatteredagainstQ.

1. If RV (G) = Q, returnG.
2. E  FIND-ELIMINABLE-ATOMS(G; Q).
3. gE  FUSION(GE ).
4. g0  ELIMINATE(gE ; E ).
5. ReturnFOVE(f g0g [ G: E ; Q).

PROCEDUREFIND-ELIMINABLE-ATOMS(G, Q)
1. Choosee from AG n Q.
2. g  FUSION(Ge)
3. If LV (e) = LV (g) and8e0 2 Ag RV (e0) 6= RV (e)

returnf eg (inversioneliminable).
4. E  f eg.
5. While E 6= non-groundatomsof GE

E  E [ non-groundatomsof GE .
6. ReturnE .

PROCEDUREELIMINATE(g, E )
1. If LV (g) = ; (propositionalcase)

returnparfactor(
P

E � g (Ag ); Ag n E ; > ).
2. If g0  PARTIAL-INVERSION(g; E ) suceeds

returng0.
3. ReturnCOUNTING(g; E ).

PROCEDUREPARTIAL-INVERSION(g, E )
1. L  INVERTIBLE(g; E ).
2. U  USCP(Cg ; L ) (section3.2).
3. Return

Q
C 2 U ELIMINATE(g� C ; E � C ) j D L j ,

where� C is anarbitraryelementof [C].

PROCEDUREINVERTIBLE(g, E )
1. If thereis a largestL 2 LV (g) suchthat,

for AL = f a 2 Ag : L � LV (a)g,
8� 1 ; � 2 2 [Cgj L ] RV (AL � 1) \ RV (AL � 2) = ;
returnL .

2. Fail.

PROCEDURECOUNTING(g, E )
1. If countingeliminationof E valid for g

return(
P

~N E
~NE !

Q
v � g (v; Ag nE )#( v ; ~N E ) ; Ag nE ; > ).

2. Fail.

PROCEDUREFUSION(G)
1. CG  

V
g2 G Cg .

2. Returnparfactor(
Q

g2 G � j [C G ]j =j [C g ]j
g ;

S
g2 G Ag ; CG )

(fusion is detailedin (deSalvo Brazet al., 2005). Essen-
tially, it calculatesaparfactorequivalentto asetof them).

Notation:
� LV (� ): logical variablesin object� .
� D L : domainof logical variablesetL .
� jY j: sizeof domainof logical variableY .
� g� : parfactor(� g ; Ag � ; Cg � ).
� Cj L : constraintsprojectedto asetof logical variablesL .
� GE : subsetof parfactorsG whichdependonRV (E ).
� G: E : subsetof parfactorsG which do not dependon

RV (E ).
� > : tautologyconstraint.

Figure1. FOVE-P.

An exampleof a functionon ~Np(X ) returningexistentially
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quanti�ed lifted assignmentsis

f 0( ~Np(X ) )
def= [9

#( v; ~N p ( X ) )
v2 D p ( X ) ;p ( Y )

X Y : X 6= Y] r (X ; Y ) = f (v)

where# is thefunctionusedin countingelimination.

5.2.The mpeoperator

In the Most Probable Explanation inference problem
(MPE) we mustidentify someassignmentto randomvari-
ableswith maximumpotentialmaxR V (G) �( G). This is
very similar to

P
R V (G) �( G). In propositional proba-

bilistic inference,a commonway of solving this problem
is to useVariableElimination, but replacingsummations
by maximizations. The maximizingassignmentcan then
be trivially obtainedasa sideeffect of maximizations,al-
though it is not explicitly representedin the expression
above. In lifted MPE,assignmentsaremanipulatedin non-
trivial waysandneedto betreatedmoreexplicitly. This is
why weintroducethempeoperator, acombinationof max
andargmax operators,which allows usto explicitly refer
to maximizingassignments.

For any realfunctionf andvariableq, wede�ne

mpe
q

f (q) =
�

max
q0

f (q0); q = argmax
q0

f (q0)
�

:

Theresultof mpe is a pair of themaximumvalueof f (q)
andthemaximizingassignmentto q, representedby a for-
mula with equality. We call such a pair p a potential-
assignmentpair, or pa-pair, andits componentsarepP and
pA respectively. Let � (q) beafunctionreturningpotential-
assignmentpairs.Thenwede�ne

mpe
q

� (q) =
�

max
q0

� P (q); q = argmax
q0

� P (q0) ^ � A (q)
�

;

that is, if given a function that providespa-pairs,mpe re-
turnsapairmaximizingthatpotentialfor q, with anassign-
mentrepresentedby theconjunctionof maximizingassign-
mentto q andwhatever assignmentgA (q) is.

5.3.FOVE-P for MPE

Oncewehave thempe operatorandparfactorsthatmapto
pa-pairsratherthansimply potentials,it is straightforward
to usetheFOVE-P algorithmto solve MPE,by simply re-
placing

P
by mpe andhaving an emptyquery. The use

of mpe guaranteesthat maximizationis beingperformed
andthat eliminationoperationsproduceparfactorsreturn-
ing maximizing pa-pairswith assignmentsto previously
eliminatedvariables.

However, becausethealgorithmperformssomeoperations
onpotentials,it is importantto de�ne whattheseoperations

meanfor pa-pairpotentials. Theseoperationsare essen-
tially two: (a) theproductof potentialsand(b) theconver-
sion of potentialfunctionsfrom beingde�ned on assign-
mentsto atomsto beingde�ned oncounters.

Pa-pair products. The productof pa-pairsis de�ned as
follows: For r ands pa-pairs,r � s = (r P sP ; r A ^ sA ).

The pa-pair product contributes in forming universally
quanti�ed lifted assignmentsbecauseuniversalquanti�ca-
tion is a form of conjunction. Assumethat g is a parfac-
tor on p(X ); q(X ; Y ) with marginalsgivenby � P and� A

de�ning assignmentson a previously removedr (X ; Y ) by
a functionf . WecaninvertX ; Y andobtain

mpe
q(X ;Y )

�( g) = mpe
q(X ;Y )

Y

X ;Y

�
� P

g (p(X ); q(X ; Y )) ;

r (X ; Y ) = f (p(X ); q(X ; Y ))
�

=
Y

X ;Y

mpe
q(X ;Y )

�
� P

g (p(X ); q(X ; Y )) ;

r (X ; Y ) = f (p(X ); q(X ; Y ))
�

=
Y

X ;Y

�
max

q(X ;Y )
� P

g (p(X ); q(X ; Y )) ;

q(X ; Y ) = argmax
q(X ;Y )

� P
g (�) ^ r (�) = f (�)

�

=
Y

X ;Y

�
� 0P (p(X )) ; q(X ; Y ) = f 0(p(X )) ^ r (�) = f (�)

�

(becausethemarginal andassignedvaluesdependonly on
p(X ) andthereforenotonY , wecanraisethepotentialsto
thepower jY j and,by thede�nition of pa-products)

=
Y

X

�
� 0P (p(X )) jY j ;

8Y q(X ; Y ) = f 0(p(X )) ^ r (�) = f (�)
�

= �( g0)

for someappropriateparfactorg0 = (� g0; f p(X )g; Cg0).

In general,universally quanti�ed lifted assignmentsare
formedat the point of the algorithmwherea parfactorg
hasan irrelevant subsetL of logical variablesso that we
have

Y

� L 2 [Cg j L ]

Y

� 2 [Cg j LV ( g ) n L ]

�
� P (Ag � ); � A (Ag � )

�

=
Y

� 2 [C j LV ( g ) n L ]

�
(� P ) j [Cg j L ]j (Ag � ); [8L : CgjL ]� A (Ag � )

�

5.3.1. CONVERSION TO POTENTIAL FUNCTIONS ON

COUNTERS.

Wenow show theconversionof potentialfunctionsto func-
tions on countersby exampleand in general. In the fol-
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lowing, mpe is over RV(p(X )) , which is the sameas
RV(p(Y )) :

mpe
p(X )

Y

X 6= Y

�
� P (p(X ); p(Y )) ; r (X ; Y ) = f (p(X ); p(Y ))

�

(by performingthecountingmanipulation)

= mpe
~N p ( X )

� Y

v2 D p ( X ) ;p ( Y )

� P (v)#( v; ~N p ( X ) ) ;

[9
#( v; ~N p ( X ) )
v2 D p ( X ) ;p ( Y )

X Y : X 6= Y] r (X ; Y ) = f (v)
�

= mpe
~N p ( X )

�
f 0( ~Np(X ) ); f 00( ~Np(X ) )

�

=
�

max
~N p ( X )

f 0( ~Np(X ) );

~Np(X ) = argmax
~N 0

p ( X )

f 0( ~N 0
p(X ) ) ^ f 00( ~Np(X ) )

�

=
�

� 0P () ; � 0A ())
�

= �( g0)

whereg0 = (� 0; ; ; > ) is a constantparfactorreturningthe
maximumpotentialand the lifted assignmentformed by
thedistribution of valueson p(X ) (representedby ~Np(X ) )
maximizing f 0, and, for eachv 2 Dp(X ) ;p(Y ) , thereare
#( v; ~Np(X ) ) pairs (X ; Y ) satisfying X 6= Y such that
r (X ; Y ) is assignedf 00(v).

In general,existentially quanti�ed lifted assignmentsare
formedasfollows:Q

� 2 [Cg ]

�
� P

g (Ag � ); � A
g (Ag � )

�

=
� Q

v2 D A g
� P

g (v)#( v; ~N A g ) ; 9
#( v; ~N A g )
v2 D A g

� A
g (v)

�
.

6. Example

We go back to the model presentedin the introduction:
� 1(par tner s(P; C1 ; C2)) ; C1 6= C2 :
� 2(par tner s(P; C1 ; C2); r etail (C1); r etail (C2)) ; C1 6= C2

where � 1 and � 2 are parfactorswith appropriatepoten-
tial functionsfor the desireddependencies.� 1 performs
the role of a “prior” (althoughsucha notion is not pre-
cisein an undirectedmodelasthis). If thereare15 com-
paniesin the domain, our implementation(available at
http://l2r.cs.uiuc.edu/˜cogcomp/ ) produces
a lifted assignmentthatcanbereadas
“for all products,thereare8 retail companiesand7 non-
retail companies,and 56 pairs of companiesare partners
andtherestis not.”

7. Conclusion

Thispapermakestwo contributionstowardsagreatertheo-
reticalunderstandingof lifted probabilisticinference.The

�rst oneis a generalizationof FOVE to FOVE-P, which is
ableto dealwith importantcasesin �rst-order probabilistic
inference(FOPI)whereatomssharelogical variables.The
secondone is a representationandmanipulationof lifted
assignmentssothatFOVE-Pcanbeusedto solve theMPE
problemaswell. Both arestepstowardsadvancedprob-
abilistic inferencealgorithmsthat can take advantageof
compactandexpressive representations.

Many directionsremain to be taken: approximateinfer-
ence,querieswith non-groundatomsand introductionof
function symbols are among the most important ones.
Moreover, FOVE-P doesnot cover all possibleconstraint
con�gurationsin our language,andit is desirableto either
generalizeit furtheror to show this is notpossible.
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