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Probabilistic inference algorithms are widely employed in ar-
tificial intelligence. However, most of them do not accept
first-order specifications of models, which can abstract ove
classes of objects, requiring instead propositional ones whic
are longer and redundant because they must be specified vay
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Abstract

Most probabilistic inference algorithms are speci-
fied and processed on a propositional level. In the
last decade, many proposals for algorithms accept-
ing first-order specifications have been presented,
but in the inference stage they still operate on a
mostly propositional representation levdPoole,
2009 presented a method to perform inference di-
rectly on the first-order level, but this method is
limited to special cases. In this paper we present the
first exact inference algorithm that operates directly
on a first-order level, and that can be applied to any
first-order model (specified in a language that gen-
eralizes undirected graphical models). Our exper-
iments show superior performance in comparison
with propositional exact inference.

Introduction

able by variable.

In the last decade, many proposals for algorithms accep
ing first-order specifications have been preseiitégo and
Haddawy, 1995; Ng and Subrahmanian, 1992; Jaeger, 199
Kersting and De Raedt, 2000; Friedmeinal, 1999; Pfeffer
et al, 1999; Poole, 1993; Andersat al,, 2002; Richardson
and Domingos, 2004; Laskey, 2d0#ost of which based on
the theoretic framework dHalpern, 1990 However, these
solutions perform inference at a mostly propositional level,.
that is, dealing with the random variables instantiated fro
the first-order, parameterized variables in the first-order spe
ification (usually only the relevant random variables will be
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stantiate a random variable per patient. However this is not
necessary since one can reason about individuals on a gen-
eral level, provided one knows the population size, in order
to answer that query in a much shorter time.

In such a scenario it would be possible to devise a way of
using the available model to answer the query without consid-
ering each individual. However, this would require a manual
devising of a processpecificto the model or query in ques-
tion. What is missing to date is an algorithm that can receive
ageneralfirst-order model andutomaticallyanswer queries
like these without computional waste.

A first step in this direction was given Hyoole, 2008
which proposes a generalized version of the variable elimina-
tion algorithm {Zhang and Poole, 1994that islifted, that is,
deals with groups of random variables at a first-order level.
The algorithm receives a specification in whighrameter-
izedrandom variables stand for all of their instantiations and
then eliminates them in a way that is equivalent to, but much
cheaper than, eliminating all their instantiations at once.

The algorithm in[Poole, 2008 however, works only for a
yery particular type of model because its only elimination op-
ﬁration is what we calhversion eliminationwhich requires
pecial conditions explained later. These special conditions
may sometimes be met by carefully chosen elimination order-
{'pgs, but in certain cases no such ordering exists and inversion
elimination cannot be applied at all steps. This introduces the
Qeed for another type of eliminatiompunting elimination
which can always be applied but costs more. By putting these
two operations together we present the first algorithm capable
of dealing with any first-order probabilistic model that op-
erates directly on first-order representations, without resort-
ing to a propositional level. We also show that the algorithm

s correct and provide experimental results comparing it to a
(Qropositional algorithm.

present in the propositional version). In domains with a large
number of objects this may be both costly and essentially un2  Motivation
necessary. For example, a medical application can be about

a large population of people infected with a certain disease, propapilistic model over a set of random variables is de-

and have a model of the probability of death of a persmy (

fined by a set of dependencies, each of them on a subset of

person) with that disease. To answer the query “what is théhose variables. In a propositional model, each dependency
probability thatsomeonewill die of this disease?”, an algo- explicitly refers to the variables it affects. For example, con-
rithm that depends on propositionalization would have to in-sider a Markov network involving a potential function,fac-



tor, such as: the propositional model formed by all possible instantiations

8 o . of its logical variables. FollowinfPoole, 2008 we call these
=0.7, if epidemic A sick, parameterized factopsarfactors

¢(epidemic, sick) = _0.3, if epidemic A\ —sick, This semantics immediately provides an inference al-
- 0.5, otherwise. gorithm for such a representation, namely the one in

_ _ _ _ which we apply any regular propositional inference al-
In fact, this type of potential function will be common gorithm to the propositionalized model, but this would
enough in this paperthatvvsedeflneafthenﬁp tomean  pe overkill. For example, in order to solve the query

>, it o A B, P(death(john)|sick(john)) it is only necessary to con-

B i sider the instantiations foPerson = john, ignoring
¢(Var(a, 0)) = _1—p, ifan-p, other values. One could also consider general queries
-0.5,  otherwise. such asP(sick(Person)|death(Person)) that do not re-

quire any instantiations at all in order to be solved.
An extreme example of the benefit of directly using the
first-order representation is given by adding the parfactor
“if death(Person) then someDeath” to the model and
considering the query (someDeath|epidemics). The tree
width of the propositionalized graphical model is the popu-
lation size, while the query can in fact be answered in time
if epidemic thensick 0.7 if sick thendeath 0.4 independenfrom the population size (a similar example is

In most practical problems, the same factor holds on manshown in fig. 4). Itis therefore desirable to have an algorithm

; ; » L erforminglifted inference that is, inference directly on the
different sets of variables, requiring propositional models to¥.) o o

repeat that factor several times, modulo the specific variable& St-order level, which instantiates parfactors only when nec-
involved each time. In our example, if we wish to keep track€SSary-

of whether each member of a population is sick (with distinct The languages we mentioned before allow parameterized
variablessick(john), sick(mary), . ..), we would have to specifications of probabilistic models. However, no corre-
write sponding first-order inference algorithm has been provided;
inference is still performed by generating some proposition-
alized form of the model and using regular propositional in-

wherea andj are boolean formulas on binary random vari-
ables and/ar(a, ) is the set of these random variables. If
p is omitted, it is assumed to be “3 p” is the same as
“if T theng p” and “if o then S p elseq” stands for both
“if « theng p” and “if -« then g ¢”. So we can write a
model in the more readable fashibn:

if epidemic thensick(john) 0.7

if sick(john) thendeath(john) 0.4 ference algorithms on them (although some systems, like
if epidemic thensick(mary) 0.7 SPOOK in[Pfefferet al, 1999, benefit from the first-order
if sick(mary) thendeath(mary) 0.4 ... structure in some ways). In this paper we present an al-

. o i gorithm which performs exact lifted inference on first-order
This renders the model specification unnecessarily complex,qgels.

and redundant. Moreover, an inference algorithm will con- |t js also useful to allow deterministic constraints on the
sider each of those factors separately, even though there jiggical variables of parfactors. For example,
some structure across them that should be exploited.

Currently, the most common way of dealing with these sit- if sick(Personl) A roommate(Personl, Person2)
uations is to keep the original model and use it for each sepa- thensick(Person2) 0.8, Personl # Person2 (1)
rate object (in this case, each person) as needed. This however
does not help when different instances of the factor need to bediabetes(
used at the same time, as it would be the case to answer the
query P(sick(john) A sick(mary)), for example. In these The constrainPersonl # Person?2 in the first factor states
situations, procedures specific to a given model have to bthat only its instantiations satisfying this condition will be
manually tailored, in what is a time consuming solution. considered. In the second factor, the potentiaD®fl for

A natural way around this problem is to specify recurringthe random variabldiabetes(Person) is assigned only for

factors in a parameterized way. This would allow us to exX-instantiations in whichPerson is distinct from john and
press the same as above in the more succint way mary.

Person) 0.01, Person # john A Person # mary

if epidemic thensick(Person) 0.7 ] )
if sick(Person) thendeath(Person) 0.4 3 Language, notation and semantics

where Person (and, in our notation, words starting with a OUr language and semantics are essentially the same as

capital) is a typedogical variableassuming any value from those in[Poole, 2008 that is, those of a Markov network
; ppecified in a first-order language that allows parameterized

; e ; ; andom variable$, and are also similar to Markov logic
this representation is simply that it should be equivalent tcLetworks[Richardson and Domingos, 2004 parfactoris
The reason we define the model with this “conditional” poten-a triad (¢, A, C) representing the applications of a potential
tial function rather than with usual conditional probabilities is that function ¢ on all instantiations of a tuple of logicatoms
we concern ourselves with Markov networks (undirected models)
only in this paper. 2Poole discusses some aspects of directed models, however.



A according to assignments to the logical variables in
these atoms that satisfy a constraint formadla At this
point, we restrict ourselves to constraints with a finite
number of solutions so as to have finite models only (thisg
prevents us from using function symbols — more on this in
section 6). For example, (1) is represented by the parfactg
(¢, A, C), whereg is the appropriate potential functiod, is
{sick(Personl),roommate(Person2), sick(Person2)}

andC' is Personl # Person?2.

PROCEDURHB-OVHG, Q)

G a set of parfactors) a set of random variables (the query).
1. If RV(G) = Q, returnG.
2. G — SHATTERG, Q) (figure 2).

. E — FIND-ELIMINABLE(G, Q).

Gg < {9 € G: RV (g) andRV (E) intersec}.

.Gy — G\ Gg.

. ¢« ELIMINATE(GE, E).

G' —{g'}UGg.

. ReturnFOVE(G, Q).

,
O~NO U AW

Note that we are in no way committed to the “if ...then”
construction used, which is simply a notation for a specifig
type of potential function. Any potential function is allowed,
and random variables can be multivalued rather than binar
only.

Just as with regular undirected graphical models, here th
joint probability distribution is determined by the product of

PROCEDURE-IND-ELIMINABLEG, Q)
G aset of parfactorsy) C RV (G), G shattered againsp.
1. Choosee from A¢ \ Q.
Y 2. G. — {g € G: RV(g) andRV (e) intersec.
3. If LV (e) = LV (G.) ({e} is inversion-eliminable)
return{e}.
4. ReturnFIND-COUNT-ELIMINABLEG, Q, {e}).

e

all potential functions given an assignment to all random vari
ables (which are instantiations of atoms in parfactors, an
thereforeground atoms). The only difference is that in a
first-order model this product involves all instantiations of all
parfactors. Given a set of parfactdrs the joint distribution
defined by it is

P(RV(G)) o [T TI ¢4(A8)

geG €O,

()

jPROCEDUREELIMINATE(G, E)

G a set of parfactorsy C RV (G).
1. A <—6c; \ E.
2.9 (" ,eq qﬁ'gec‘/'@g',A’,Cg) (fusion, section 4.4).

3. If LV(FE) = LV{g) (E is inversion-eliminable)

return parfactof  _ ¢4(A'0,¢e), A',Cy).

Retun  p

( ny NUNI!...Nn!Qf

(as detailed in section 4.3).

4.
pg(vi, AN)IVil A" T)

where RV (G) is the set of all random variables (ground
atoms) involved in all instantiations of all its parfacto,

is the set of all assignments, or substitutions, to the logica
variables ofg that satisfy its constraint (thgolutionsto the
constraint),¢, is the potential function iy, A, is the tuple
of atoms ing and A6 is the instantiation of this tuple given

PROCEDURHE-IND-COUNT-ELIMINABLEG, Q, F)
G a set of parfactors) C RV (G), E C Ag \ Q.
1. If Ag, \ Eis ground E is counting-eliminable)
return k.
2. Choose a non-ground atoeme A \ E.
3. ReturnFIND-COUNT-ELIMINABLEG, @, E U {e}).

an assignmertt to logical variables.
Further notation include, for a parfactgrC,, for the con-
straint ing and, for a set of parfactois, As for the atoms

Figure 1: First-order variable elimination algorithm.

in G, C¢ for the total constrainﬁ\geG Cy andOg for the set

of solutions ofC. For any objecty, LV (o) andRV (a) are  rithm which calculates the total marginal by dividing it into
the sets of logical and random variablesdnrespectively. ~ smaller partial marginalizations, each on a single variable.
Finally, all sets of parfactors are implicitly assumed to beThe main contribution of this paper is a first-order version of
standardized apaytthat is, logical variables are renamed if £ FOVE, which is shown in Figure 1 and works in a simi-
parfactor in the set. respective constraints at each step. The advantaG©VE

is that, by eliminating an atom with its associated constraints,
4 Inference we are effectively eliminating all of its groundings ifitied
The inference problem is, given a set of random variabledVay; with acost that is sometimes independent of the number
(ground atoms)Q representing a query, to calculate the Of groundings.
marginal probability ofy) given a modelz (queries involving nlé.l FOVE correctness

a condition can be issued by adding parfactors representi
this condition toG). This is We now show thaFOVE s correct. The algorithm works in
the following way: suppose we want to eliminate the atoms

the variable elimination (VHZhang and Poole, 1994algo-

P(Q) x Z »(G) in a setE at a given step of it. Then we can write
RV(G)\Q D
, _ _ P(Q) $(G)
where}_ py )\ o IS @ summation over all assignments to ran- RVO\G
dom variables not if) and¢(G) is a shorthand notation for _ < #(Gr)d(Gp)
the right-hand side of equation (2). RV(G)\Q\RV(E) BV (E) F
Calculating this summation by brute force is intractable, 53
but one can use independencies in the model to do it more = (Gi) »(Gr)

RV (G)\Q\RV (E) RV(E)

efficiently. In propositional models, one way of doing this is



whereRV (E) is the set of random variables resulting from (because of shattering)
all instantiations oft in G, G is the subset of parfactors in

. . > <
G depending orRV (E), andG 3 isG \ Gg. = bq(Agbr) ... $q(Aghy)
If we can representy_p, ) ¢(Gg) as the potential ¥ < ¢ =<
of a single parfactorg’, (defined such thatp(g) = = Pq(Ag0) = bq(A'0,e0)
[loco, 4(A40)), we can reduce the original marginal 'S¢ €0y b
> rv(e)q ¢(G) to amarginal on a modél’ = Gz U {g'} = #q(A'0,¢) (by renaming)
which involves fewer random variables: 9§9g e
— ! Ale — /
> > < o ¢ (A0) = 9(g)
P(Q) x ?(G) = #(Gg) #(GE) g
RV(EN\G RV (G)\Q\RV (E) RV(E) for ¢’ a new parfactof¢’, A’, Cy) whereA’ is a tuple of the
= (Gp)o(g) atoms distinct frome in Ay, ¢'(A'0) = >, ¢4(A40), and

Cy is the constraint formula qf.
, , Note that the initial sum of products becomes a product of
= p(GrUig}) = ¢(G) sums, hence the naniversion elimination Also note that

RV(G\Q\RV(E) RVIGN\Q the sum providingp’ is over the assignments on tharame-
terizedrandom variables. Therefore this elimination method
does not depend on the number of groundings, but on the
number of assignments to the parameterized random variable,
which is much smaller.

The conditionLV (e) = LV (g) is essential for this method
to work because it guarantees that the random variables being
Yimmed out have a one-to-one correspondence to the instan-
tiations of g. This is a condition not taken into account by
[Poole, 2008 whose method eliminates all random variables
not in the query by inversion elimination, one by one. How-
ever, the proof above should make it clear that this is not al-
ways possible. A numerical contradiction can be found by
trying to answer the query for p(X) A ¢(Y) A r 0.8, with

In the two next subsections, we assume tHathas been type of X being{a} and type ofY” being{b, c}, since neither
replaced by an equivalent parfactorThis operation is called p(X) or p(Y) is suitable for inversion elimination. The cor-
fusionand is explained in section 4.4. We are thus left withrect answer is< 0.78, but eliminatingp(.X') and theng(Y")
the problem of expressing .z ¢(g) as a parfactor. by inversion produces: 0.75.

RV(G)SQ%RV(E)

There are two ways, described below, of calculating a par
fa_ctqrg’_such thatgb(g’)_ = ZR_V(E) ¢(GE_): (2) inversion
eliminationor (2) counting elimination (1) is the preferable
one because it does not depend on the number of objects
the domain or, in other words, the size®¥V (E). However,
this method requires certain conditions Br{explained later)
that may be impossible to satisfy for ahyin the atoms of=.

(2) is less favorable as it depends on the siz&UT E) (it is
still better than propositionalization, though), but it is always
possible to find ar’ on which it can be applied.

Finally, we assume that the parfactors and query have beeh3 Counting elimination

shatteredas explained in section 4.5. The main property of\yhen we cannot find an atoain G satisfying the conditions
shattered parfactors and query is that any two atoms in themgy jnversion elimination, we can resort éounting elimina-
have groundings which are either identical or completely dis‘tion, which is based on counting arguments.
joint. Why this matters will be explained as inversion and Counting elimination can be done on a set of atdirsuch
counting elimination are explained. that the remaining atoms i (and consequentlg ) are all
ground. We can always find such ahin G, since the set of
non-ground atoms i is such a set. We however try to find
4.2 Inversion elimination the smallest suct since the cost of the method depends on
the size of RV(FE). Note that counting elimination is only
justified for|E| > 1 since|E| = 1 implies thatE is inversion
Inversion elimination assumes thatis a unary se{e} such ~ €liminable.

thatLV (e) = LV (g), whereLV («) is the set of logical vari- ~ Once we have a propd#, let A’ be the remaining atoms in
ables ina. Let#; .. .60, be an enumeration @,. Then g- Then, becausd’ is ground,
| > (9) =~ (E6, A°0)
¢ g = ()bg E I '
> X Y
9(9) = 65(Aq0) e I
RV (e) () 00y = ¢q(EO, A")
= e ¢g (Agel) s ¢Q(A99n) V() 088
o > The last term above defines a potential functigron A’.
= Pg(Agbh) - dg(Agbn) The result obtained from counting elimination is a new par-

ey cOn factorg’ = (¢, A, T).



In order to calculate this term, we present a counting arguas ;6 or not, otherwise we would not know whether to have

ment. Given an assignment @&V (E), one less option fronk; (for the cases wher#,,,0 # E;0)
or not to have to make a choice at all (in those cases where
Y .Y NIVl E,.0 = E;0 and the choice has already been madeffg
$g(BO, A) = ¢g(vi, A)™ and therefore forZ;0). This information is available since
0€0y E,, andE; must be either identical or not unifiable, as stated

by grouping all applications af, with the samev;, where above. From this reasoning,

v1, ..., v are the different assignments k&9 andV; is the > < X N
set of differentE0’s assigned;. blg)= - Nil...Nul o g(vi, AV
Now assume for a moment thatis in fact just one atom RV(E) P ;

e. This means that the;’s are the possible values for in-
stances ofe. Note thatl_[i.C bq(vi)IVil is a function ofv; with

and|V;|, but not of V;. In other words, it only matters how .
manyinstances ot are assigned; by a given assignment |V;| = H(|N5(j)7i

—{m:m < j, Em # Ej, Ry, = R;}),

on RV (e), but notwhichof them. Different assignments will )
induce different vectorgVy, ..., Vi), but if they induce the
same vectok|Vy],...,[V,|) (denotedN), that product will  wheres(;) is such thatS,(;) = R;, N,(;) is the vector corre-

be the same. Also, given a vectdr, the number of assign- sponding to the counting of assigments$in;) = R;, with

ments inducing it isV!, the multinomial coefficient oiV 2 (in ﬁs(j)ﬂ« being the number of random variables/in assigned

the particular case wheteis a binary variable, this becomes v, ;.

('Rg(e)‘) = (‘Rg(e)l)). We can therefore group assignments  Finally, we consider the case where the condition that for
’ o any two atomsE,,,, E; in E, LV(E,,) N LV(E;) = 0 is

according ta\V' and write not satisfied. We can reduce this case to the previous one

> > .Y . by multiplying away the logical variables violating the con-
dlg)= NI ¢g(vi, AN dition. To multiply a logical variable vecta¥ away from a
RV (B) N i parfactorh, we calculate a new parfactaéf = (¢', A’,C")

where A’ is the same asgl;, but for the removal of the logi-
cal variables inZ, ¢’ = C|y )z and, for anyd € Oy,

/ / / 1~H1

Let us now consider the case wheke contains mutti- . 0) = oec,, %(Ahe 9.)’ Wh_eret‘C‘W,. therestriction
ple atoms. LetE,...,E, be an enumeration of and ofC_to a vector of logical variable®’, is d_efln_ed as the con-
Ri,..., R, be their respective groundings. Let us also as-Straint3VC for V.= LV(C) \ W. This is simply the for-
sume that for any two atom,,,, £; in E, their groundings mula descrlb_lng the squtlon§ af restnct.ed to varlable§ in
R.., R; are identical or disjoint. This condition is satisfied 'V (for equational formulas without function symbols this can
by shattered sets of parfactors, as discussed in 4.5. Moreovél€ Simplified to an equational formula without quantifiers).
we also assume that any two atomsfrare either identical ~ Multiplying away is an expensive operation that depends
or not unifiable at all, according 16,. This is also granted directly on the domain size. We are currently working on
for shattered sets of parfactors. For now, we also demand th&tore sophisticated counting arguments that minimize its use.
for any two atomsE,,,, E; in E, LV (E,,) N LV (E;) = 0,
leaving the case \t;vhere this is false forﬂlgter.1 4.4 Fusion

Let Sy,...,5, be an enumeration i1 <5 < n}, .
that is, & sequence of unique;’s. W(i dan consider e}ach We now explain how a set of parfactagscan be replaced by
assignment as a composition of assignments on Saand @ Single, equivalent parfactgis(G) = (¢, Ag, Cg), with

write ¢'(Agl) =[] eq g(Ay0)191/19¢ for anyd € O¢.
> X XY v Y Y Y Y |04l/10a]
#(9) = Bg(vi, A )‘ il ?(G) = bg(Ag0) = Bg(Ag0) oV 1m0
RV(E) S Sy i ge\?ees; gEG 0€0
_ ¢g(Aga)\99\/\@G\

As before,|V;| is the number oF§'s assigned;, butv; is

atupleassignment td@4. |V;| can be calculated by choosing, VEEE
for each component; ;, how many random variables iR; = @' (Agh) = o(fs(@))
can be assigned, ; (this choice can be made in this fashion vcog

because atoms il do not share logical variables). This is

simply |R;|, the number of random variables ®;, unless . . . . _
some other component ,,,, with m < j, E,, # E; and The crucial step is the one in which we replace each origi-

R,, = Rj, has already committed a random Variaf;ﬂeqﬁ nal set of constraint solutiort3, by the global constraint so-
for itself.” For this reason, it is important to know from the lution set©s. When this happens, each original instantiation
beginning whethei,,0 is either the same random variable of a parfactor is now instantiateé®|/|©,| many times more
- than before, but the powé®,|/|O| preserves the original

3Defined asN'! = (N1, ..., Nu)! = % potential value.



4.5 Shattering

The elimination of atoms requires certain conditions guaran
teed by the fact that the set of parfactors having been sha
tereg against the query. This is based on discussiffdole,
2003.

A set of parfactors ishatteredif, for every pair of atoms
(p, ¢) in G, two conditions hold: (1), their groundindgV (p)
and RV (q) are either identical or disjoint, and (2), in a con-
dition needed by counting elimination, every pair of atoms in

PROCEDURESHATTERG,Q)
G a set of parfactorg) a set of atoms.
1. If there exist improper atom pajr, g in Ac U Q
(a) Foreachr € {p,q}
If » comes from parfactay
i. ¢ — NORMALIZE¢,, Ay,Cy A MGU (p, q))-
ii. g < NORMALIZE®,, Ay, Cyg A—=MGU (p,q)).
ii. G (G\{g})U{g g"}.
(b) ReturnSHATTERG, Q).
2. ReturnG.

t

each parfactor must be either identical or never be instant
ated to the same random variable by a single logical variabl
assignment. We call pairs of atoms satisfying these two corn
ditions proper pairs A set of parfactors ishattered against

-PROCEDURENORMALIZHg)

gy a parfactor.

- 1. Ifthere exists a pair of atoms ¢ in A, unified inCy
replaceg by pin g.

2. ReturnNORMALIZEjg).

a set of ground atom@ if the same conditions hold when the
atoms inQ are included.

For example, parfactors (¢1,p(X,a), T) and
(¢2,p(b,Y),Y # d) are not shattered becauB® (p(X, a))
and RV (p(b,Y)) overlap but are not identical, violating (1).
In another example, parfactde, (p(X),p(Y)), T) is not
shattered because, even thouBW (p(X)) = RV (p(Y)),
p(X) and p(Y) are instantiated to the same random vari-
able by some logical variable assignments (those in which
X =Y), violating (2).

The algorithm in figure 2 shatters a set of parfactors against
a query. It works by repeatedly identifying pairs of improper
pairs andbreakingparfactors into equivalent sets of parfac-
tors whose sets of instantiations are the same as the origin

Figure 2: Shattering algorithm.

ure 3: (I) Average run time for answering quety(death)

bl
; ; . o from {epidemic 0.55, if epidemic thensick(X) 0.7 else0.01,
ones, but inducing proper pairs. This is done by, through uniy sick(X) thendeath 0.55}, which requires inversion elimination

fication, determining the conditions for the groundings of im- g1y (1) Average run time for answering ques(r) from

proper pairs to coincide or not, and breaking the parfactorg(x)p(y)Ar 0.51, X # Y, which requires counting elimination.
along these conditions. After this, unified atoms are rewritten

so that they will be identical.

For example, if we have parfactqps,p(b,Y),Y +#
d) and queryp(b,c), p(b,Y) and p(b,c) are an improper
pair. Their most general unifier (MGU) I8 = ¢, so we
can break the parfactor int@po,p(b,Y),Y # dAY =
c) and (¢2,p(b,Y),Y # dANY # c¢) which can be
rewritten as(¢2, p(b,Y),Y ¢) = (¢2,p(b,c), T) and
(2, p(b,Y),Y # dANY # ¢). In another example, par-
factor (¢, (p(X),p(Y)),X # a) contains improper pair
p(X),p(Y). Their unification yieldsX = Y, so the par-
factor is broken inta(¢, (p(X),p(Y)),X # aAX =Y
and(¢, (p(X),p(Y)),X # a AN X #Y), the first one being
rewritten as(¢, (p(X), p(X)), X # a).

and uses counting elimination only. In both cases proposi-
tional inference starts taking very long before any noticeable
variation in lifted inference run times.

6 Discussion

We presented and showed the correctness of a lifted first-
order probabilistic inference algorithm, the first one to our
knowledge that covers all cases in its intended language. This
allows expressive representations whose inference is made
much cheaper by abstracting away from specific instances of
random variables and dealing instead with whole classes of
them at once. We believe this type of algorithm will be essen-
tial to the development of large and expressive probabilistic
systems, especially when the particular model is not known in
We use the implementation available at advance and a general and automatic approach is necessary.
http://12r.cs.uiuc.edu/"cogcomp to compare We presented two ways of eliminating variables: inversion
average run times between lifted and propositional inferencand counting elimination. Counting elimination is potentially
(which produce the exact same results) for two different modmuch more expensive than inversion elimination, but we ex-
els while increasing the number of objects in the domain. Theect its occurrence in practical problems to be low; in any
first one, (l) in figure 3, answers the queR(death) from  case, we believe that much better counting arguments exist.
{epidemic 0.55, if epidemic then sick(X) 0.7 else0.01, Investigating them is an interesting line for further research.

if sick(X) thendeath 0.55} and uses inversion elimination ~ Many other interesting directions remain to be taken. A
only. Figure 4 shows that this model can have a very largerery natural extension would be to allow non-ground queries
tree width when propositionalized but can be treated as that produce not only probabilities but also bindings for log-
linear graph by lifted inference. The second one, (ll) in figureical variables. Also, the algorithm can be adapted, in a
3, answers query(r) from p(X) Ap(Y) Ar 051, X #Y  way similar to[Pfeffer and Koller, 200D in order to work

5 Empirical results
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ple those with function symbols. This is also related to Con-  15£ 5500

straint Logic ProgrammingVan Hentenryck, 1999 Given ' ' _ _ _ _

the complexity of the language, approximation schemes will-askey, 2005 K. B. Laskey. First-order Bayesian logic. Technical

be very important for practical applications; counting elimi- [‘%%?ir:; Gi%r%e Maﬁon UFreuversnthzeggétment of Systems Engi-

nation seems a particularly good place to start given its rela- ga per? lons Research, ' .

tively high cost but also regularity. Techniques from theorem[Ng and Subrahmanian, 199R. T. Ng and V. S. Subrahmanian.

proving will be particularly useful when models with a large Probal?lllstlc logic programmingnformation and Computatign

number of parfactors are necessary and one has to apply them 101(2):150-201, 1992.

wisely. A complexity study is also necessary for, among othefNgo and Haddawy, 1995L. Ngo and P. Haddawy. Probabilistic

things, guiding the choice of efficient elimination orderings.  l0gic programming and Bayesian networks Asian Computing
Much of the gain in performance from a lifted algorithm Science Conferencpages 286-300, 1995.

comes from the presence of a large number of indistinguishtPfeffer and Koller, 200D A. Pfeffer and D. Koller. Semantics and

able objects in the domain, that is, objects about which inference for recursive probability models. ARAI/IAAI pages

we have exactly the same knowledge. It has been argued 538-544, 2000.

([Chaviraet al., 2004) that this does not occur often in practi- [Pfefferetal, 1999 A. Pfeffer, D. Koller, B. Milch, and

cal applications. However, the current work simply provides Takusagawa. K. T. SPOOK: A system for probabilistic object

a base for extensions with other important benefits. In an oriented knowledge representation. Roceedings of the 14th

approximate inference setting, for example, the notion of in- gxgguilg&onference on Uncertainty in Al (UAI-99ages 541—

distinguishable objects is replaced by that of objects about ’ :

which there is approximately the same knowledge (accordin@:’OO'ey 1998 D. Poole. Probabilistic Horn abduction and Bayesian

to the current approximation factor), a much more practical networks.Artificial Intelligence 64(1):81-129, 1993.

situation. For non-ground queries, a problem of great practifPoole, 2008 D. Poole. First-order probabilistic inference. Pino-

cal interest, lifted inference is much more suitable, since the ceedings of the 8th International Joint Conference on Atrtificial

answers to such queries may be lifted themselves. Intelligence pages 985-991, 2003.
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